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1. BBe^eHHe 

CiiMBOJiiiHecKaa fliiHaMHKa MOTiiBiipyeTca oneHb miipoKiiM KJiaccoM ciiTyairHH — jiioSoe Ha- 
6jiiofleHHe 3a (pH3HHecKHM nponeccoM h H3MepeHHe KaKiix-TO ero napaivieTpoB b nponecce 
HaGjiiofleHHa mojkho TpaKTOBaTb KaK flHCKpeTH3an;Hio HenpepbiBHofi fliiHaMiinecKOH ciiCTe- 

Mbl. 

H^ea CHMBOJiH^ecKOH flHHaMHra bocxo^ht k 19 Bexy, k pa6oTaM IlyaHKape, A^aiviapa. 
MHorne aBTopbi ynoMimaiOT b stoh cbh3h HMepmo A,zraMapa h ero paSoTy 1898 ro^,a [2j, Ha- 
npniviep, BnpKro(p(p roBopiiT o "ciiMBOJiax, no cymecTBy BBefleHHbix AflaiviapoM" ([3], b33to 
H3 [4]). ilpoflOJiJKeHHeM paSoTbi A^aiviapa aBJiaeTca pa6oTa Mopca 1921 ro^a [5]. O^HaKO 
KaK caMOCToaTejibHbiii npe^ivieT CHMBOJiH^ecKaa ^HHaMHKa BnepBbie nsy^ajiacb b cepira H3 
^,Byx pa6oT Mopca h XefljiyH^a 1938 — 1940 to^ob [fU [7]. 

H^,ea 3aKjiioaaeTCfl b conocTaBjieHiiii TpaeKTopiiii b HenpepbiBHOH ^HHaMHaecKOH ciiCTe- 
Me nocjieflOBaTejibHOCTH 6yKB KOHeaHoro ajicpaBHTa. IIoHHMaa TpaeKTopino KaK ,zrBH;>KeHHe 
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tohkh b HeKOTopoM npocTpaHCTBe, mm, BO-nepBbix, aOJIHM npOCTpaHCTBO Ha KOHeHHOe KO- 
aaaecTBO o6jiacTeii h, bo-btopbix, Bbi6npaeM aacKpeTHoe MHoacecTBO momchtob BpeMGHH 
(HanpiiMep, aepe3 Kaacayio (pHKcapoBaHHyio eaiiHany BpeMeHPi), nocjie aero cmotphm, b 
KaKHx o6jiacTax OKa3MBaeTca ToaKa b sth MOMeHTbi. TpaeKTopaa tohkh conocTaBaaeTca 
SecKOHenHaa nocaeapBaTeabHOCTb 6yKB KOHeaHoro aacpaBHTa, rae 6yKBbi cooTBeTCTByiOT 
oSjiacTaM npocTpaHCTBa. EcTecTBeHHO B03HiiKacT npoTHBonojio>KHafl 3aaaaa — HacKOJib- 
ko xoponio Taxaa CHMBoaaaecKaa nocaeapBaTeabHOCTb onHCbiBaeT acxoaHyio HenpepbiBHyio 
CHTyan,Hio. 

CKa»ceM Tenepb to ace caivioe 6ojiee (popiviajibHO. (^aiomaeca b HacToameM BBeaeHaa 
onpeaeaeHaa, HyacHbie b aaabHeaaieM, 6yayT cacTeMaTaaecKH noBTopeHbi b pa3aeaax 11.11 
h II. 2[ ) TonojiosuuecKdfi dunaMuuecKan cucmeMa — sto TonoaoraaecKoe npOCTpaHCTBO V c 
3a^aHHbiM Ha hSm HenpepbiBHbiM OToSpaaceHaeM / : V — > V . IlycTb V, f — TonoaoraaecKaa 
aaHaMaaecKaa CHCTeMa, A\, . . . , Af. — nonapHO HenepeceKaiOHnieca OTKpbiTbie noaMHoace- 
CTBa V, h xq — TOHKa, op6nTa KOTopofi {f n (xo) : n E N} aea<HT b IJi=i^fc- OnpeaeaaM 
nocjie^OBaTejibHOCTb x: N — >• {l,...,k} ycaoBaeM f n (xo) G A x i n \. TaKHM o6pa30M, (hcko- 
topmm) TOHKaM npocTpaHCTBa V mm conocTaBHJin nocjieflOBaTejibHOCTH 6yKB aacpaBHTa 
A = {1, . ..,&}. Ilpn 3tom npHMeHeHHio OTo6paateHaa / cooTBeTCTByeT onepaaaa Aeeoso 
edema L: L{aoa\a2a^ . . . ) 

5Icho, hto nepaoaaaecKae nocaeapBaTeabHOCTa oaacbiBaiOT tojibko caMbie npocTbie ca- 
Tyaaaa. OaHaKO OKa3biBaeTca, hto b apBoabHO aiapoKOM KJiacce CHTyaaaii B03HHKaioni;aa 
CHMBOJinaecKaa aocaeapBaTeabHOCTb 6yaeT o6aaaaTb CBoacTBaMa, 6jih3khmh k CBoacTBaM 
nepHoaaaecKOH nocaeapBaTeabHOCTa. 3to HaGaioaeHae mojkho cpopMaaa30BbiBaTb pa3Hbi- 
mh cnoco6aMH, npHMepbi tohhmx pe3yjibTaTOB TaKoro Tnna — TeopeMbi 11.0. 11 11.0.21 11.0.31 

HH>Ke. 

TaK mm apaxoaaM k jKejiaHHio oapeaeaaTb KJiacc aocaeapBaTeabHOCTea, b KaKOM-Ha6yab 
CMbicjie 6jih3khx k aepaoaaaecKaM. IlycTb d(f, g) — HeKOTopaa Mepa 6jih30cth cpyHKaaa 
fug, H3MepaeMaa HeoTpaaaTeabHbiM aeiicTBHTeabHbiM hhcjiom. IIoHaTHe noaTa nepao- 
aaaHOCTa aaa (pyHKn,HH b o6iu,eM Baae mojkho ccpopMyaapoBaTb Tax: cpyHKaaa / : R — > M 
noumu nepuoduuecKaa omnocumeAbno d, ecjin aaa jno6oro e > MHoacecTBO caBHroB T, 
aaa KOTopbix d(f(x),f(x + T)) < e, omnocumeAbno nAomno, to ecTb HMeeT orpaHaaeHHbie 
nponycKH (hjih, apyraMa cjiOBaMH, sjieMeHTbi SToro MHoacecTBa ecTb Ha jiio6om OTpe3Ke 
aaaHbi C aaa flocTaToaHO Sojibinoii KOHCTaHTbi C). B KaaecTBe Mepbi 6jih30cth cpyHKii;HH 
d(g, h) mojkho SpaTb HopMy pa3HOCTH ||/ — g\\ ^Jia pa3JinaHbix HopM || • ||: paBHOMepHOH Hop- 
MM \\f\\oo = su Pzl/( x )l (nojiyaaeM nonmu nepuodunecKue no Bopy cjjyHKUiiu [8]), hopmm 

Be3HKOBHaa ||/||b, p = limsup^^ ( ^ f* x \f(x)\ p dx) (nojiyaaeM nonmu nepuoduuecnue 

no Ee3UKoeuuy Qjyn^uu [9]), MHornx apyrnx. 

Ilo aHajiornn, ^jia nocjie^OBaTeabHOCTen b ^ocTaTOHHO 6oabniOH o6iu,hocth mojkho aaTb 
TaKoe onpe^eaeHne. ElycTb d(x, y) — Kaxaa-TO Mepa 6an30CTH nocjieapBaTejibHOCTeii, H3Me- 
paeMaa HeoTpHn,aTeabHbiM ^eiicTBHTeabHbiM hhcjiom, npnaeivi d(x,x) = fljia aio6oro x. 
By^eivi roBopHTb, aTO MHoacecTBO M C N HaTypaabHbix ancea OTHOCHTeabHO naoTHO, ecan 
paccToaHne Meatfly coce^HHMH saeivieHTaMH SToro MHoacecTBa orpaHnaeHO. ^pyrHMH cao- 
BaMH, M omnocumeAbHO nAomno, ecan ^aa HeKOTopon KOHCTaHTbi I h fljia Bcex i HMeeM 
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MC\{i, i + i + 2, . . . , i + l — 1} ^ 0. nocjie^OBaTejibHOCTb x 6jiu3kcl k nepuodunecnou omno- 
cumeAbHO d } ecjin ^jia jnoSoro e > cymecTByeT Taxoe OTHOCHTejibHO njioTHoe mhokbctbo 
M, hto fljifl Jiio6oro m G M hmcgm d(L m (x) } x) < e. Tor^a sicho, hto ecjin x nepno^HHHa 
c nepiio,ii;oM p, to <i(L m (x), x) = fljia Bcex m € M = {pn : n € N}, to ecTb x HBJiaeTca 
6jih3koh k nepHOJxnnecKOH no Haineiviy onpe^ejieHHio. 

0,h,hoh H3 ecTecTBeHHbix Mep 6jih30cth Ha MHO>KecTBe nocjie^OBaTejibHOCTeii flBjiaeTCfl 
Kanmopoea Mempuna dc(x,y) = 2~ n , r^e n = min{A; : x(k) ^ y(k)}- Hcnojib3y5i Taxyio 
MeTpHKy b onpe^ejieHHH Bbinie, mm nojiyaaeM onpe^ejieHne iiohth nepno,a,nHecKOH nocjie^o- 
BaTejibHOCTH. rio-^pyroMy 3to onpe,a;ejieHHe mojkho ccpopMyjinpoBaTb TaK: nocjie^OBaTejib- 
HOCTb x noHTH nepno^ninecKaH, ecjin fljia KajK^oro ee no^cjiOBa u HaftfleTca TaKoe HaTypajib- 
Hoe /, hto Ha KaxcflOM OTpe3Ke ^jihhm / nocjie^OBaTejibHOCTH x Han^eTca BxojK^e h h e cjiOBa u. 
(^ajiee mm SyijeM paccMaTpnBaTb cpyHKnnio, conocTaBjiaiOHryio ^JiHHe cjiOBa u MaKCHMajib- 
Hoe noflxoflflmee ,a,jia Bcex cjiob stoh ^jihhm hhcjio / — OHa Ha3MBaeTca peryjiaTop iiohth 
nepnoflHHHOCTH.) ,ZLia mnpoKoro KJiacca JXHHaMHnecKnx chctcm cnMBOJinnecKaa nocjie^OBa- 
TejibHOCTb, onpe^ejieHHaa Bbinie, 6yn;eT nonTH nepHOJxnnecKOH. Bot npHMepbi pe3yjibTaTOB 
TaKoro Tnna. 

TeopeMa 1.0.1 (|10|). Ecjiu npocmpaHcmeo V KOMnanmno u op6uma Kacncdou mouKU njiom- 
na e V , mo nocAedoeameAbHocmb x nonmu nepuodunecKan. 

Bojiee Toro, HecjioacHO noKa3aTb, hto KajK^aa nonTH nepno^HnecKaa nocjieflOBaTejib- 
HOCTb MOJKeT 6biTb nojiyneHa TaKHM o6pa30M, KaK onncaHO b TeopeMe ll.O.ll /Lia 3Toro Ha- 
,n;o B3aTb npocTpaHCTBO Bcex nocjie^OBaTejibHOCTeii c TonojiorHeft, nopojKfleHHoii MeTpHKoii 
do, flJia Kaacflofl 6yKBM a b KaaecTBe o6jiacTH A a B3aTb MHoacecTBO nocjie^OBaTejibHOCTen, 
HaaHHaiomnxca c a, h b KanecTBe OToSpaateHna / b3htb OToSpaaceHne L jieBoro c^BHra, a b 
KanecTBe V B3aTb 3aMbiKaHHe x OTHOCHTejibHO flencTBHfl /, nocjie aero 3aMKHyTb nojiyaHB- 
nieeca MHOJKecTBO OTHOCHTejibHO MeTpHKH dc- IIo,zrpo6Hee cm., HanpHMep, |llj . 

CjieixyioinHH (paKT o TpaeKropnax b MeTpnaecKHX npocTpaHCTBax — nacTHMH cjiyaan 
TeopeMM II .0.11 

TeopeMa 1.0.2 ([10]). Ecjiu V — KOMnanmnoe MempunecKoe npocmpaHcmeo, u f — U30- 
Mempusi, mo nocAedoeameAbHocmb x noumu nepuoduuecnaA. 

TeopeMM 11.0.11 h 11.0.21 b tom hjih hhom BH/xe yjxe mojkho CHHTaTb cpojibKJiopoM (jj;oKa3a- 
TejibCTBa mojkho HanTH, HanpHMep, b [10j). Bhjj;hmo, sto y>Ke He coBceM TaK jj;jih pe3yjibTaTa 
TeopeMM 11.0.31 

Ha npoTa>KeHHH Bcero HacToaiu,ero o63opa Hac 6yayT HHTepecoBaTb 3(p(peKTHBHbie b 
ajiropHTMHnecKOM CMbicjie pe3yjibTaTM h noHaTHa. 3(p(peKTHBH0 no^TH nepHO^H^ecKOH no- 
cjiejj;oBaTejibHOCTbio mm Ha3MBaeM nonTH nepHO^HnecKyio nocjiejj;oBaTejibHOCTb, KOTopaa 

BMHHCJIHMa, H flJIH KOTOpOH 3(p(peKTHBHO nO 71 MOJKHO HaXOflHTb TaKOe I, HTO BCe nOflCJIOBa 

jj;jiHHM n nocjieflOBaTejibHOCTH bxojj;jit b Ka>Kia;oe noia;cjiOBO jj;jihhm I. 

BiyCTb T S — S-MepHMH TOP [0, 1) S C eCTeCTBCHHOH MeTpHKOH, HH^yn,HpOBaHHOH MeTpn- 

koh b R s . MHO»cecTBO b R s Ha3MBaeTCH aAse6pauHecKUM, ecjin flBjiaeTCfl penieHneM chctc- 
mm (cTpornx hjih HecTpornx) nojiHHOMHajibHbix HepaBeHCTB c n;ejibiMH K03(p(pHHneHTaMH . 
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MHOJKecTBO b M s Ha3biBaeTca noAyaA2e6paunecKUM, ecjra aBjiaeTca o6 r bG^i,PiHGHHeM ajireS- 
paHnecKHx MHO>KecTB. MHO>KecTBO b T s nojiyajire6paHHecKoe, ecjiH aBjiaeTca nepeceneHHeM 
nojiyajireSpaHnecKoro MHO>KecTBa b M s c TopoM T s . 

TeopeMa 1.0.3 ([ID]). IJycmb V — s-Mepnuu mop, x — aA2e6pauHecKan moHKa e V , f — 
cdeus na eenmop c ajize6pauuecKUMU KoopdunamaMU, ece A; t — noAyaAse6pauuecKue. Tozda 
nocjiedoeameAbHocmb x sdjdjeKmueno noumu nepuoduuecnan. 

BepHeivica k onpeflejiemiio 6jih30cth k nepiiofliiHHOCTH OTHOCiiTejibHO Mepbi 6jih30cth. H3 
/jpyrnx ecTecTBeHHbix (pyHKHiift d, KOTopbie mojkho B3aTb b btom onpe^ejieHHH, paccMOTpmvi 
flHCKpeTHbifi aHajior paccmosmun Be3UKoeuua: d,B(x,y) = liminf ^#{2 : ^ i ^ n— l,x(i) 7^ 
y(i)}- Taxaa (pyHKipia y>Ke He 6y^eT mctphkoh, noTOMy hto bo3mo)kho d,B(x,y) = npii 
x y. riocjie^OBaTejibHOCTH, 6jiH3KHe k nepno,a,nHecKHM OTHOCiiTejibHO ds, 6yo,eM Ha3biBaTb 
noumu nepuoduuecKUMU no Be3UKoeuuy . 3to onpe,n;ejieHHe, BBe^eHHoe b [6j (no/i jjpyrHM Ha- 
3BaHneM — TaM TaKne nocjieflOBaTejibHOCTii Ha3biBajincb iiohth nepiio^iiHecKHMH, a Te, hto 
mm b 3toh CTaTbe Ha3biBaeM noHTH nepHO^HHecKHMH, Ha3biBajiHCB peKyppeHTHbiMii) , aBjia- 
eTca ^HCKpeTHbiM BapriaHTOM onpe^ejieHna noHTH nepno^HnecKHx no Be3HKOBHny (pyHKHiiii 
(cm. Bbinie). Mm oSpamaeMca k STOMy onpe^ejieHHio b hgckojibko ^pyroM KOHTeKCTe, Kor^a 
roBopiiM o Mepe anepnoflHHHOCTH nocjieflOBaTejibHOCTH (cm. pa3jeji [672]) . 

TonojiorH^ecKaa flHHaMHnecKaa ciiCTeMa, yflOBJieTBoparomaa CBoftcTBy H3 ycjiOBna Teo- 
peMbi [LOTTl Ha3biBaeTca MUHUMaAbnou. 0,ii;hh H3 chhohhmob noaTii nepnoflHHecKOH nocjie- 
flOBaTejiBHOCTH — MHHHMajibHaa nocjie^OBaTejibHOCTb. IIohte: nepnoflHHecKHe nocjiejj,OBa- 

TOJIbHOCTH fleHCTBHTejIbHO 06jiaflaK)T CJie/jyiOIiniM CBOHCTBOM MHHHMajIbHOCTH. 0603Ha x IHM 

aepe3 Fac(a;) mhojkcctbo Bcex KOHe^Hbix no^cjiOB nocjieflOBaTejibHOCTii x. noani nepno- 
^HHecKiie nocjie^OBaTejibHOCTH o6jia,n;aiOT MiiHiiMajibHbiM mhojkcctbom no^cjiOB cpe^n Bcex 
nocjie^OBaTejibHOCTeii, b cjiejjyiomeM cmmcjic 

IIpe^jio^ceHHe 1.0.4. 1) ^ah ak>6ux SecKoneHHux nocAedoeameAbnocmeu x u y ecAu 
x noumu nepuoduuecKan u Fac(y) C Fac(x) ; mo Fac(y) = Fac(x). 

2) /Jam ak)6ou nocAedoeameAbnocmu y cym,ecmeyem noumu nepuoduuecKan nocAedoea- 
meAbHocmb x, manaM umo Fac(x) C Fac(y). 

^OKa3aTejibCTBO npejuioaceHHa [QT41 MoacHO HanTii, HanpnMep, b |12| . O flHHaMHnecKHx 
cncTeMax mojkho npoaHTaTb, HanpHMep, b |13| . 

IlpefljiojKeHHe 11.0.41 — npnMep KOM6iiHaTopHoro CBoficTBa iiohth nepnoflnaecKHx no- 
GJie^OBaTejibHOCTeH. KoMSnHaTopHbie pe3yjibTaTbi noaBjiaiOTca y>Ke b [6l [7]. KpoMe Toro, 
KOHenHbie h 6ecKOHenHbie cjiOBa 11 3Toro H3ynajiHCb c KOM6iiHaTopHOH tohkh 3peHHa. 
3apo>KfleHHeM cooTBeTCTByiomeH oSjiacTii — KOM6iiHaTopiiKii cjiob — npimaTO CMHTaTb pa- 
6otm Tys [i~4l [15], b kotopmx oh, b nacTHOCTH, H3ynaeT CBoficTBa nocjieflOBaTejibHOCTH, 
KOTopyio mm o6cy>KflaeM b pa3^ejie 11.31 h flOKa3biBaeT ee 6ecKy6HOCTb (no^poGHee o pa- 
6oTax Tys cm. b [16J). Ba>KHO otmcthtb, hto Tya He hmcji b BH^y KaKHx-TO KOHKpeTHbix 
npHMeHeHHH cbohx pe3yjiBTaTOB h CHHTaji paccMaTpnBaeMbie hm Bonpocbi npe^CTaBjiaiomH- 
mh caMOCToaTejibHbiH HHTepec (cm. [HZ])- Ceflaac KOMSnHaTopHKa cjiob — aKTHBHaa oSjiacTb, 
h b HacToam;eM o63ope MHoro npHMepoB cooTBeTCTByiomnx pe3yjibTaTOB. 
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Eme o^hh Kjiacc pe3yjibTaTOB, o6cy>K^,aeMbix b HacTonmeM o63ope — jiorHnecKHe. B |18j 
6bijia ^OKa3aHa pa3peniHMOCTb MOHajjiiHecKoii Teopiiii cjie^OBaHHa Ha HaTypajibHbix hhc- 
jiax, npH noMomn conocTaBjieHHH cpopMyji TeopHH kohchhmm aBTOMaTaM Ha 6ecKOHeHHbix 
nocjie^OBaTejibHOCTax. Ilocjie SToro B03HHKaeT ecTecTBeHHbift Bonpoc o pa3peniHMOCTH stoh 

TeopHH, paCIHHpeHHOH KaKOH-TO (pyHKHHeil. KOHeHHO, OTBeT Ha 3TOT BOnpOC nOJIOJKHTejIb- 
HMH, eCJIH (pyHKHHH Bbipa3HMa B HCXOJJHOH TeopHH, HO 3anaC TaKHX (pyHKHHH HeBejIHK — 

3to nepno^HHecKHe (pyHKHHH, bo3mo)kho, c npeflnepHO^OM (t. e. onaTb nepnoiiHHHOCTb hb- 
jifleTCH npocTeHiHHM cjiynaeivi). 0Ka3MBaeTCH, hto jijih (pyHKHHH c KOHenHMM kojihhcctbom 
3HaneHHH, to ecTb nocjiejrpBaTejibHOCTeH b kohchhom ajKpaBHTe, mojkho nojiynnTb KpHTe- 
pnii pa3peiHHMOCTH, ecjin 3Ta nocjiejrpBaTejibHOCTb o6jiajjaeT CBOHCTBaMH, 6jih3khmh k cboh- 
CTBaM nepno^HHecKHx nocjie^OBaTejibHOCTeH, h jijih 3Toro nojie3HO H3ynHTb, KaK BejryT ce6a 
KOHGHHbiG aBTOMaTbi, 3anyin,eHHbie Ha Taxnx nocjie^OBaTejibHOCTHx. Tax b [191 [20] noHBjia- 
eTca onpe^ejieHHe o6o6meHHO noHTH nepno^HHecKHx nocjie^OBaTejibHOCTen. Ilpn btom, KaK 
noKa3biBaeT Teopeivia 13.1.11 o6o6m;eHHO iiohth nepHOJTHnecKHe nocjie/ipBaTejibHOCTH bo3hh- 
KaiOT He npocTO KaK KJiacc nocjiejrpBaTejibHOCTeH, jjjih kotopmx OKa3ajiocb yn;o6HO jroKa3aTb 
KaKiie-TO pe3yjibTaTbi, a KaK otbct Ha ecTecTBeHHMH Bonpoc. Mm o6cy>KflaeM cooTBeTCTByio- 
iinie pe3yjibTaTbi b pa3iiejiax 12.31 l3l KpoMe Toro, sth Bonpocbi hbjihiotch ojxhoh h3 ochobhbix 
TeM bo BceM o63ope b hoiiom. O ^pyroro pojja cbh3hx chmbojihhcckoh ahhcimhkh h TeopHH 
aBTOMaTOB, KOTopbie mm b HacToameM o63ope He 3aTparHBaeM, mojkho npoHHTaTb b |21| . 

IIomhmo Bcero nepenHCJieHHoro, b 3tom o63ope 3aTparHBaiOTCH h jjpyrne Bonpocbi, cbh- 
3aHHbie c Teopneii nnceji, ajireSpofi, Teopnen ajiropHTMOB. 

1.1. Onpe/j,ejieHHa h o6o3HaHeHHa 

BBe^eM HeKOTopbie ocHOBHbie hohhthh h o6o3HaHeHHH. 

AAcfiaeumoM mm Ha3biBaeM npoH3BOJibHoe KOHenHoe MHoacecTBO. OSmhho ajKpaBHT mm 
o6o3HanaeM SyKBaMH A, B h t. n. Ero sjieivieHTbi mm Ha3MBaeM 6yKeaMU hjih cumgoao,- 

MU. CTaH^apTHMH 6HHapHMH ajKpaBHT H3 flByX CHMBOJIOB {0, 1} o6o3HaHHM B, MHO>KeCTBO 

HaTypajibHbix hhcc-ji {0, 1, 2, ... } nepe3 N. Ilo yMOJinaHHio mm paccMaTpHBaeM tojibko ko- 
HenHbie aji(paBHTM, h npn paccMOTpeHHH 6ecKOHeHHbix ajKpaBHTOB oroBapHBaeM bto ocoSo. 
,Hjih KOHenHoro MHO»cecTBa X nepe3 j^X hjih \X\ o6o3HanHM kojihhcctbo sjicmchtob b hSm. 

Byn;eM paccMaTpHBaTb nocAedoeameAbHocmu Hajj; A — OToSpajKemiH x: N — > A. MHOJKe- 
ctbo Bcex TaKHx nocjie^OBaTejibHOCTeH, Ha^ejieHHoe mctphkoh dc, o6pa3yeT CTaHiiapTHoe 
KaHTopoBCKoe KOMnaKTHoe MeTpHnecKoe npocTpaHCTBO, KOTopoe mm o6o3HanaeM A N . Ta- 
khm o6pa30M, lim^ooMn = x, ecjin Vi3nVm > n u m (i) = x(i) (sto onpe/iejieHHe rojriiTCH 
h jijih KOHeHHbix cjiob u n ) . HHor/ia nocjieflOBaTejibHOCTH Ha3MBaiOT TaK>Ke 6ecKOHeuHUMu 
CAoeaMU. 

KoHenHaa nocjie^OBaTejibHOCTb 6yKB b ajKpaBHTe A Ha3MBaeTca caobom Hafl hjih b A. 
Mepe3 A* o6o3HaHHM mhokcctbo Bcex KOHenHbix cjiob Hajj, A, BKjiiOHafl nycToe cjiobo A. 
Mepe3 \u\ 6yjj;eM o6o3HanaTb jj;jiHHy cjiOBa u, nepe3 \u\ a — KOJinnecTBO 6yKB a b cjiOBe u. 
Ecjih % ^ j HaTypajibHbie, nepe3 [i,j] o6o3HanHM OTpe30K HaTypajibHoro pa^a c kohheimh b 
i h j, to ecTb MHOJKecTBO {i, i + 1, i + 2, . . . , j}. OTpe30K [0,n] 6yu;eM o6o3HanaTb npocTO 
[n]. Hepe3 x[i,j) o6o3HaHHM OTpe30K nocjiejj,OBaTejibHOCTH x — cjiobo x{i)x{i + 1) . . . x(j). 
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ToBopaT, hto — exootcdenue e nocAedoeameAbHocmb x cAoea u G A* , ecjni x[i,j] = u. 
Cjiobo u 7^ A Ha3biBaeTca $aKmopoM hjih nodcAoeoM nocjie^OBaTejibHOCTH x, ecjiH u bxo- 
/i,ht b x. MHOJKecTBO BceB03MO>KHbix cpaKTopoB nocjie^OBaTejiBHOCTH x Sy^eM o6o3HanaTb 
Fac(x), MHOJKecTBO BceB03MOJKHbix cpaKTopoB fljiHHbi m — Fac m (x). OaKTopbi BHiia x[0, i] 
Ha3biBaiOTC5i npetfiuKcaMu x, nocjie^OBaTejibHOCTH BH,na x(i)x(i + l)x(i + 2) ... — cytfxfiuKca- 
mu x h o6o3HaHaiOTCfl x[i, oo). Mm npe,a,CTaBjiaeM ce6e nocjie^OBaTejibHOCTb pacnojio>KeHHOH 
ropH30HTajiBHO h H^yineii cjieBa HanpaBO ,a,o 6ecKOHenHOCTH, nosTOMy SyijeM HcnojiB30BaTb 
Bbipa>KeHHfl "jieBee" h "npaBee" ,a,jia MeHbinnx h 66jibniHx HH^eKCOB cooTBeTCTBeHHO. 

IIodcAoeHou cAootcHocmbio nocjieflOBaTejibHOCTH x Ha3biBaeTca Taicaa (pyHKHiia P x : N — > 
N, hto P x (n) paBHO KOJinaecTBy cjiob jjjihhm n, Bxojjamnx b nocjiejjpBaTejibHOCTb x. 

IlycTb A, B — KOHe^Hbie ajicpaBHTbi. OTo6pa»ceHHe 0: A* — > B* Ha3biBaeTca Mop$u3- 
mom, ecjiH fljia jiio6bix -u,t> G A* BbinojiHeHO (j)(uv) = (j){u)(j)(v) . 5Icho, hto Mop(pH3M noji- 
HOCTbio onpe^ejiaeTca cbohmh 3HaneHnaMH Ha o^HoSyKBeHHbix cjiOBax. MopcpH3M uecmu- 
pawu^uu, ecjiH \4>(a)\ ^ 1 flJia Bcex a £ A. MopcpH3M Ha3biBaeTca k-paenoMepnuM, ecjiH 
|0(a)| = fc flJia Bcex a G A. 1-paBHOMepHbiH MopcpH3M Ha3biBaeTca KodupoeanueM. Ecjih x — 
nocjie^OBaTejibHOCTb 6yKB ajicpaBHTa A, no onpeflejiemiio nojiojKHM 

0(x) = 0(x(O))0(x(l))0(x(2))... 

Iloflpo6Hee o MopcpH3Max, a TaKJKe o CTpoainnxca c noMombio hhx nocjie^OBaTejibHOCTax — 
aBTOMaTHbix ii MopcpnnecKHx — cm. pa3 jejibi 16 . 1 1 h IBT31 

1.2. OcHOBHi>ie Kjiaccbi nocjie/jOBaTejiBHOCTeii. PeryjiaTopti 

riocjie^OBaTejibHOCTb x nepuodunecKasi, ecjin ,njia HeKOToporo T G N, Ha3biBaeMoro ne- 
puodoM, HMeGM x(i) = x(i + T) ,njia jnoSoro i G N. B cootbctctbiih c o6menpHHaTbiM 
corjiaineHHeM, nepno^OM mm Ha3biBaeM TaK>Ke h cjiobo x[0, T — 1]. Bya,eM Ha3biBaTb no- 
cjiejj;0BaTejibH0CTb 3aKAWHumeAbH0 nepuodunecKou , ecjiii to me BbinojiHeHO jijih Bcex i, 
HaaiiHaa c HeKoroporo K. Torjja x[0,K — 1] Ha3biBaeTca npednepuodoM. ElpejinepHOflOM 
Sy^eM Ha3MBaTb TaKxce h hhcjio K. nocjie^OBaTejibHOCTb, He aBjiaiomaaca 3aKjnoHHTejibHO 
nepno^HHecKOH, Ha3biBaeTca anepuodunecKOU. MHoaiecTBO Bcex nepHO,HHHecKHx nocjie^o- 
BaTejibHOCTeii o6o3HanHM V, mhojkcctbo 3aKjnoHHTejibHO nepHO^HHecKHx o6o3HanHM £V. 
PaccMOTpiiM HeKOTopbie pacinnpeHHa sthx KJiaccoB. 

nocjiejo;oBaTejibHOCTb x Ha3biBaeTca noumu nepuodunecKou, ecjin jj;jia Ka>Kja;oro ee (paK- 
Topa u HaHja;eTca TaKoe HaTypajibHoe /, hto Ha KajKflOM OTpe3Ke j^jihhm / nocjiejjpBaTejib- 
hocth x Han^eTca bxojkab h h e cjiOBa u. TeM caMbiM, jno6oe cjiobo, Bxo^,am,ee b noHTH ne- 
pHO^HnecKyio nocjie^OBaTejibHOCTb, bxo^ht b Hee 6ecKOHenHoe kojihhcctbo pa3. Hepe3 AP 
(almost periodic) 6yjj;eM oGosHanaTb KJiacc Bcex TaKHx nocjieflOBaTejibHOCTefl. 5Icho, hto jj;jia 
npoBepKH noHTH nepnojiiiaHOCTH j^ocTaTOHHO TOJibKO y6eflHTbca b noBTopaeMOCTH c orpa- 
HnaeHHbiMH HHTepBajiaMH Bcex npe(pHKCOB, a He Bcex cpaKTopoB. IIohth nepnojj;HaecKHe 
nocjie^OBaTejibHOCTH Ha3biBaiOT TaioKe paenoMepno penyppeHTUHUMU h MUHUMdAbHUMU. 

EyijeM Ha3biBaTb nocjie^OBaTejibHOCTb x 3aKAtoHumeAbHO noumu nepuodunecKou, ecjin 
HeKOTopbiii ee cydpdpnKC noaTH nepHOflnneH. Kjiacc Bcex TaKHx nocjie^OBaTejibHOCTeii 060- 
3HanHM £AV (eventually almost periodic). 
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riocjie^OBaTejibHOCTb x Ha3biBaeTca o6o6iu l eHHO nonmu nepuodunecnou, ecjin ,njifl Ka>K- 
,npro ee (paKTopa u, Bxo,naiiiero b Hee SecKOHenHoe hhcjio pa3, HaiifleTCfl Taxoe HaTypajib- 
Hoe /, hto Ha Ka>K^OM OTpe3Ke jjjihhm / nocjie^OBaTejibHOCTH x Haii^,eTCfl Bxox^eHHe cjio- 
Ba u. Kjiacc Bcex TaKnx nocjieflOBaTejibHOCTen o6o3HaHHM nepe3 QAV (generalized almost 
periodic). 

Ecjih x G £AV, to MHHHMajibHoe Taxoe n, hto x[n, oo) G AV, SyijeM Ha3biBaTb muhu- 
MdAbHUM npecfmncoM h o6o3HanaTb pr(x). 3aMeTHM, hto jjjiji jiioSoro m ^ pr(x) HMeeM 
x[m, oo) G AP. 

H HaKOHen;, Ha30BeM nocjieflOBaTejibHOCTb a; penyppeHmHou, ecjin KajK^oe cjiobo, ko- 
Topoe b Hee bxoaht, o6a3aTejibHO bxo^ht SecKOHenHoe KOJinnecTBO pa3. 5icho, hto ecjin 
nocjieflOBaTejibHOCTb peKyppeHTHaa h o6o6meHHO noHTH nepHO^HHecKaa, to OHa noHTH ne- 
pno^HHecKafl. Kjiacc pexyppeHTHbix nocjie^OBaTejibHOCTeH SyijeM o6o3HaHaTb 1Z. Ilocjie,zip- 
BaTejibHOCTb 3aKAtoHumeAbH0 peKyppemrmaM, ecjin HeKOTopbin ee cy(p(pHKC peKyppeHTeH. 
Kjiacc TaKHx nocjie^OBaTejibHOCTeii o6o3HanHM £7Z. 

PezyAttmopoM nonmu nepuoduuHocmu nocjie^OBaTejibHOCTH x G QAV H~a30BeM dpyHK- 
hhio R x : N — > N, KOTopaa Ha nncjie n paBHa MHHHMajibHOMy TaKOMy /, hto KajK^oe cjiobo 
^jiHHbi n, KOTopoe bxo,hht b x SecKOHenHoe KOJiH^ecTBO pa3, BCTpeTHTCH Ha jhoSom OT- 
pe3Ke ^jiHHbi / nocjie;j,OBaTejibHOCTH x, a Taxxce jno6oe cjiobo jjjihhm n, KOTopoe bxo^ht 
b x KOHenHoe KOJinnecTBO pa3, He BxoflHT b x[l,oo) (BTopoe Ba>KHO tojibko fljia o6o6nieH- 
ho noHTH nepno^HHecKHx nocjieflOBaTejibHOCTen, He hbjihiohthxch noHTH nepHOflnnecKHMH). 
MacTO BMecTO peryjiaTopa HaM SyzieT ^ocTaTOHHO pacciviaTpHBaTb TOJibKO KaKyio-TO Bepx- 
hioio oneHKy Ha Hero, to ecTb dpyHKirino /, Taxyio hto f(n) ^ R x (n) flJia Bcex n — b stom 
cjiynae mm nnrueM / ^ R x . Ecjih tobophtb Sojiee tohho, peryjiaTop noHTH nepHOJTHHHO- 
cth o6T>e^i,HHfleT b ce6e ppe dpyHKiriiH: o^Ha cjieflHT 3a paccTOiiHHSMH Mempy Bxo>K^i,eHHaMH 
cjiob, BxoflHru;Hx SecKOHenHoe KOJinnecTBO pa3, a flpyraa cjie^HT 3a TeM npe(pHKCOM, koto- 
pbiM orpaHHHHBaeTca Bxo>KfleHHe cjiob, bxo,thihhx KOHenHoe KOJinnecTBO pa3. HHorfla ctoht 
3th dpyHKii,HH pa3,o,ejiflTb hbho, xoth Ha npoT3>KeHHH HacTosrneH CTaTbH mm stoto ,nejiaTb 
He 6y;j,eM. 

By;j,eM roBopHTb, hto nocjie^OBaTejibHOCTb x 9<fi(f)eKmu6H0 o6o6ut ) eHHO nonmu nepuodu- 
necnaji, ecjin x BbinncjiHivia, o6o6meHHO noHTH nepno^nHHa, h HeKOTopaa oiieHKa CBepxy Ha 
peryjiHTop noHTH nepHO^HHHOCTH nocjie^OBaTejibHOCTH x TaKJKe BbinncjiHivia. Mm nojiyHHM 
SKBHBajieHTHoe onpe^ejieHne, ecjin 3aivieHHM TpeSoBaHne BbiHHCJiHMOCTH HeKOTopofi on;eHKH 
CBepxy Ha peryjiHTop TpeSoBaHHeM BbiHHCJiHMOCTH peryjiHTopa b tohhocth. 

IIpe^jio^ceHHe 1.2.1. Ilycmb nocAedoeameAtnocm-b x G QAV eunucAUMa, u eunucAUMa 
neKomopan <pyHKU,UH f ^ R x . Tosda <pyHKU,UH R x eunucAUMa. 

JJoKasameAbcmeo. CjiOBa ^jiHHbi n, BxoflHmHe b x SecKOHenHO MHoro pa3 — sto cjiOBa 
fljiHHbi n, BxoflHin;He b x[f(n),2f(n)]. Bee ocTajibHbie cjiOBa fljiHHbi n, KOTopbie bxo^ht b 
x[0, f(n) + n], bxo^ht b x KOHenHoe KOJinnecTBO pa3. 

IlyCTb l\ paBHO MHHHMajibHOMy TaKOMy /, HTO BCe CJIOBa flJIHHbl n, BXOflfliri,He B X KO- 

HenHoe KOJinnecTBO pa3, He bxo^ht b x[/,oo]. IlocKOJibKy li ^ f(n), TaKoe l\ mojkho HafiTH 
nepeSopoM. 
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AHajiorHHHO npeflbiflymeMy, moxho heihth mhokbctbo K cjiob ,o,jihhm f(ri), xoth 6m 
o,zi,hh pa3 Bxo^amHx b x. Tenepb ^ocTaTOHHO HaiiTii MHHHMajiBHoe Taxoe I2, hto Ka>K,a,oe 
no^cjiOBO ^jiHHbi n, BCTpeaaiomeeca b x SecKOHeaHO MHoro pa3, BCTpeaaeTca b kbjkaom 
noacjiOBe fljiHHbi I2 Kaacapro H3 cjiob MHoacecTBa i^. Toraa BbinojiHeHO, hto jnoSoe noacjio- 
bo x fljiHHbi n, BCTpeaaioiHeeca b x 6ecKOHeaHO MHoro pa3, BxoaHT b aioSoe noacaoBO x 

aJIHHM I2. 

TaKHM o6pa30M, R x (n) = max(/ 1 ,Z 2 ). □ 

Ha30BeM nocjieapBaTejibHOCTb 9<fi$eKmu6H0 noumu nepuoduuecnou, ecjin OHa noaTH ne- 
pnoaiiaHa 11 3(p(peKTiiBHO o6o6in;eHHO noHTH nepHoaHHHa. OnpeaeaeHHe scpcpeKTHBHoii no- 

HTH nepHOaHHHOCTH MOJKHO ynpOCTHTb. 

IIpe^jio^ceHHe 1.2.2. noumu nepuoduuecnan noc/iedoeameAbHocmb x adidieKmueHO noumu 
nepuoduuna mosda u mojibKO mosda, Kosda x guuucjiumo, u Muootcecmeo nodcAoe Fac(x) 
pa3peuiUM0. 

JJoKa3ameAbcmeo. =K IlycTb a; G BbiaHCJiHMa, h mm yMeeM BbiancjiaTb HeKOTopyio 
on,eHKy / ^ R x . Toraa hto6m HanTH Bee cjiOBa aaHHbi n b x, apcTaTOHHO B3aTb npoH3- 
BOJibHoe cjiOBO aaHHbi f(n) b x: MHOJKecTBO ero noacaoB aaHHbi n b tohhoctii HBaaeTca 
MHOJKecTBOM noacaoB fljiiiHbi n Been nocjieapBaTeabHOCTH x, b cooTBeTCTBim c onpeaeaeHH- 

eM IIOHTII nepiIOflHHHOCTH. 

<=. IlycTb x G AV BMHHCJiiiMa h MHO>KecTBO Fac(x) pa3peniHMO. MtoSm Haft™ 3Haae- 
niie ~R x (n), 6yaeM nepeSnpaTb Bee HaTypajibHbie ancaa no oaepeaii, HaanHaa, CKa>KeM, c n. 
IIpoBepaa hhcjio m, mm cmotpiim, BepHO jih, hto Kaatape 113 cjiob MHoacecTBa Fac m (x) (nojj,- 
cjiOBa x jijihhm m) coaepacnT Bee cjiOBa H3 Fac n (x) (noacaoBa x aaHHbi n). Ecjiii sto TaK, 
to R x (n) ^ m, a HHaae R x (n) > m. IlocKOJibKy x G AV, ap SecKOHeaHOCTH mm npoBepaTb 
He MOJKeM h Koraa-HnGyat. HaftaeM noaxoaanjee m. □ 

HecjiojKHO Bii^eTb, hto V C AV C SAV C QAV . OKa3MBaeTca, Bee btii BKaioaeHHa 
CTporiie. HanpiiMep, H3BecTHaa nocaeapBaTeabHOCTb Tya — Mopca t = 0110100110010110 . . . 
(cm. pa3aea [131 ) — npiiMep nocaeapBaTeabHOCTH H3 AV, ho He H3 V (Sojiee Toro, Kjiacc AV 
KOHTHHyajieH, Toraa KaK V caeTHbift, apKa3aTeabCTBO cm. b |22j hjih [1 0J ) . HepaBeHCTBO 
AV C SAV oneBH^Ho (mojkho bshtb 10000 ... e SAV \ AV). HepaBeHCTBO SAV C QAV 
Smjio apKa3aHO b [23] (cm. Taicace b |24|). KpoMe Toro, mojkho 3aMeTHTb caeayiomiie bkjiio- 
neHHa V C SV C SAV, Bee H3 kotopmx TOJKe, oaeBHjjHO, CTporne. 

BBejj;eHHbie KJiaccbi H3o6pajKeHM Ha pnc. [T]0. 

Ha30BeM nocjie^OBaTejibHOCTb mouuo noumu nepuoduuecnou, ecjin Ka>K^oe cjiobo, koto- 
poe b Hee bxo^ht, bxo^ht b HeKOTopoii apH(pMeTHHecKoii nporpeccHH. Bojiee cpopMajiBHO, 
x — tohho noHTH nepHOflHaecKaa, ecjin fljia jno6oro Bxoflamero b Hee cjiOBa u Haft^yTca 
TaKne a, d G N, hto x[a + id, a + id + \u\ — 1] = u fljia Bcex % ^ 0. Ilpn stom u MoaceT 
BxoflHTb h r^e yroflHO em;e b nocjieflOBaTejibHOCTH — mm He Tpe6yeM, htoSm Bee Bxoa<jj;eHHH 
cjiOBa u o6pa30BMBajiH apH(pMeTHaecKyio nporpeccnio. 5Icho, hto Jiio6aa tohho noaTH ne- 
pHO,zniHecKaa nocjie^OBaTejibHOCTb noaTH nepno^HaHa. Kjiacc tohho noaTH nepno^HHecKHx 

5 IIo TexHHHecKHM npHHHHcLM KajiHrpaiJiH^ecKHe 6yKBM Ha 3tom pncyHKe 3aMeHeHM Ha oGbl^Hbie. 
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Phc. 1. Kjiaccbi nocjie^OBaTejibHOCTeii. 

nocjie^OBaTejibHOCTefi o6o3heihhm VAV. Ha c. [48] onncbiBaeTca mcto/i, nocTpoeHna nocjie- 
^OBaTejibHOCTefl (iiciiojib30BaHHbiH b ^OKa3aTejibCTBe TeopeMbi 15.2.21) , c noMombio KOToporo 
mojkho CTpoiiTb tohho noHTH nepnoflHHecKHe nocjieflOBaTejibHOCTH. Ho 3thm MeTO^OM no- 
jiynaiOTca He Bee tohho hohth nepno^HHecKHe nocjie^OBaTejiBHOCTH. 

nycTb 0: A* — > B* — MopcpH3M, x o6o6iu,eHHO noHTH nepno^HHecKaa nocjieflOBaTejib- 
HOCTb Hafl aji(paBHTOM A. B [10] Sbijio noKa3aHO, hto ecjin nocjie^OBaTejibHOCTb <j)(x) 6ec- 
KOHenHa, to OHa o6o6in;eHHO noHTH nepnojiHHHa. 51cho Tor/ia, hto fljia x — noHTH nepHO/iH- 
aecKoii 4>(x) 6yn;eT noaTii nepnoflHHecKOH (ecjin SecKOHenHa). ,HeHCTBHTejibHO, /xocTaTOHHO 
noKa3aTb, hto ,a,Jia jiio6oro cjiOBa u = x[i,j] cjiobo 4>(u) = <p(x(i)) . . . <f)(x(j)) BCTpenaeTca b 
4>(x) GecKOHenHO MHoro pa3. Ho bto cne^yeT H3 onpe^,ejieHHa (J)(x) h h3 Toro, hto x noHTH 
nepHO^HHHa, h 3HanHT, cjiobo u BCTpenaeTca b Hen SecKOHenHO MHoro pa3. OneBH^HO, fljia 
x — 3aKJiK)MHTejibHO noaTH nepHO/jHaecKOH 4>(x) 6yn;eT CHOBa 3aKJiiOHHTejibHO noHTH nepn- 
o/jiiaecKOH (ecjin OHa 6ecKOHeaiia). HecjioacHO BH^eTb, hto Kjiaccbi acpcpeKTiiBHO o6o6m;eHHO 
noHTH nepHOflH^ecKHx h 3(p(peKTHBHO iiohth nepHOflH^ecKHx nocjieflOBaTejiBHOCTen TaKJKe 

3aMKHyTbI OTHOCHTejIbHO fleHCTBHH MOp(pH3MOB. 

1.3. IlepBbiH npHMep: nocjie^,OBaTejit>HOCTb Tys — Mopca 

IIocAedoeameAbHocmb Ty3 — Mopca — OflHa H3 caMbix nonyjiapHbix nocjieflOBaTejibHOCTeft b 
KOM6nHaTopHKe cjiob, BCTpenaeTca b caMbix pa3Hbix cio>KeTax h cjiyxciiT KjiacciiHecKiiM npii- 
MepoM hjih KOHTpnpriMepoM ko MHorHM onpe^ejieHiiaM h yTBep>K^eHHaM. XoponiHM 0630- 
poM no CBoftcTBaM 3toh nocjie/rpBaTejibHOCTii aBJiaeTca CTaTba [17] (KOTopyio mm bo MHoroM 
Hcnojib3yeM b ii3Jio>KeHHH SToro pa3/j;ejia) . 

y btoh nocjiejj;oBaTejibHOCTH MHoro pa3JiHHHbix BKBiiBajieHTHbix MBJK/ry co6oh onpefle- 

JieHHH. ^aflHM HeKOTOpbie 113 HHX. 

npome Bcero 9Ty nocjie^OBaTejiBHOCTb nojiyniiTb Tax. 3aniinieM chmboji: 0. ^ajiee hh- 
BeprapyeM ero (to ecTb 3aMeHHM Ha 1) h npHnnnieM k HMeiomeMyca: 01. Tenepn HMeio- 
njuftcH Sjiok onaTb HHBepTHpyeM (to ecTb 3aivieHHM b hSm Ha 1 h 1 Ha 0) h npHnnnieM 
k HMeiomeMyca 6jiOKy: 0110. By/xeM npojxpjiJKaTb TaK /jajibnie ro SecKOHenHOCTH. nojiyaiiM 



10 



nocaeapBaTeabHOCTb KOHeaHbix cjiob: 

Uq = 
Ml = 01 

u 2 = 0110 

u 3 = 01101001 

Ui = 0110100110010110 

u 5 = 01101001100101101001011001101001 

IIo nocTpoeHHio Kaacape caeayiomee KOHeaHoe cjiobo HaanHaeTca c npeabiayHi;ero. IIo- 
BTOMy Bee 3th cjiOBa HBjiHiOTca HaaaaoM HeKOToporo oaHoro (npeaeabHoro) SecKOHenHoro 
cjiOBa, KOTopoe h aBaaeTca nocaeapBaTeabHOCTbio Tya — Mopca: 

t = 01101001100101101001011001101001 . . . 

Mojkho aaTb h TaKoe onpeaeaeHne. Ha30BeM nocaeapBaTeabHOCTb t = t^t^tst^ ■ • • no- 
cjie^OBaTejibHOCTbio Tya — Mopca, ecjiii BbinojiHeHO to = h t 2n = t n , £2n+i = i n aaa Bcex n, 
rae ~ 03HanaeT HHBepTiipoBaHne — 3aivieHy Bcex Ha 1 n Bcex 1 Ha 0. 

/],aflHM h eme oaHO onpeaeaeHne. IlycTb S2(n) o6o3HaaaeT cyMMy nncpp HaTypajibHoro 
nncaa n, 3anncaHHoro b aBonaHon cncTeMe cancaeHna. OnpeaeanM aBonaHyio nocaeapBa- 
TejibHOCTb t = to^i^2^3^4 • • • , TaK hto t n = S2(n) (mod 2). 06o6meHHeM TaKoro onpeaeaeHna 
aBJiaeTca noHHTne aBTOMaTHofi nocaeapBaTeabHOCTH (cm. pa3aea I6TTT) . 

HeTBepToe onpeaeaeHne, KOTopoe mm fla^HM, TaKoe. IlycTb x — nepeMeHHaa. Toraa 
SecKOHe^Hoe npon3BeaeHne rii^o(l — x<1 *) = i)-—x){\ — x 2 ){\ — x A ) ■ ■ ■ = J2i^o fi x onpeaeaaeT 
nocaeapBaTeabHOCTb /j. OnpeaeanM aBonaHyio nocaeapBaTeabHOCTb t = to^i^2^3^4 • • • , Tax 
aTO (-l) u = fi. 

Mojkho jierKO apKa3aTb, hto aeTbipe BbiHienepeancjieHHbix onpeaeaeHna SKBHBaaeHT- 
hw h 3aaaiOT oaHy h Ty ace nocaeapBaTeabHOCTb. EcTb h apyrne cnoco6bi onpeaeaeHna. 
HanpaMep, nocaeapBaTeabHOCTb Tya — Mopca — npocTenninn npHMep MopdpnaecKon no- 
caeflOBaTeabHOCTH — HenoaBnacHon totkh Mopdpn3Ma 0— > 01, 1 — > 10 (cm. pa3aeaM 16.11 

E3}. 

OaHHM H3 caMbix paHHHX cayaaeB noaBJieHHa btoh nocaeapBaTeabHOCTH MoacHO chh- 
TaTb paSoTbi Tys: b |14| h [15] oh ctpoht 3Ty nocaeapBaTeabHOCTb KaK npHMep 6ecKy6HOH 
SecKOHeaHOH nocaeapBaTeabHOCTH. 3aecb Ky6aMu mm Ha3MBaeM cjiOBa Bnaa uuu, rae u - 
HeKOTopoe HenycToe caoBO, a 6ecKy6HOU — nocaeapBaTeabHOCTb, b KOTopyio He BxoaaT Ky- 
6m. Boaee Toro, Moa<HO apKaaaTb, aTO b t He BxoaaT caoBa Bnaa auaua, ra,e a — HeKOTopbifi 
CHMBoa, aw — HeKOTopoe caoBO. KaK caeacTBne, MoacHO nocTpoHTb 6ecKeadpamHyw (to 
ecTb He coaepacamyio neadpamoe — caoB Bnaa uu ^Jia HenycToro u) nocaeapBaTeabHOCTb b 
aa(paBHTe H3 Tpex CHMBoaoB. 

BnocaeacTBnn nocaeapBaTeabHOCTb Tya — Mopca MHoro pa3 nepeoTKpbiBaan, OTCioaa 
h MHoro apyrnx hmSh, KOTopbie OHa hocht. B [5] Mope apKa3MBaeT npo 3Ty nocaeapBaTeab- 
HOCTb, aTO OHa noHTH nepnoanaecKaa, ho He nepHoanaecKaa. B [25] roaaaHacKnii aiaxMa- 
thct MaKC 3nBe nepeoTKpbiBaeT nocaeapBaTeabHOCTb Tya — Mopca h ncnoab3yeT ee aaa 
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^0Ka3aTejibCTBa cymecTBOBaHHH GecKOHenHoii niaxMaTHoii napraH. (Bnocjie,a,CTBHH jj,jia pe- 
nieHHa 3toh jkb 3ajj,aHH ee onaTb Hcnojib3yiOT Mope h Xe^JiyH^ [261 [27], He 3Haa o pa6oTe 

CjiejjyioiHyio sajjany, b KOTopoii TaKJKe HeaBHO noaBJiaeTca nocjiejxpBaTejibHOCTb Tya — 
Mopca, mojkho OTHecTH k Teopiiii nnceji. BnepBbie ee ccpopMyjinpoBaji Ilpya |28| h no3jjHee, 
Sojiee neM nepe3 50 jieT, Tappn h 3ckott. Tenepb 3Ta sa^ana o6mhho Ha3biBaeTca "sa^ana 
Ilpys — Tappn — 3cKOTTa" hjih "3a,a,aHa o MyjibTHCTeneHax". 

Sa^ana 3aKjnonaeTca b cjie,zryiomeM. Mo>kho jih pa3,a,ejiHTb MHoacecTBO nnceji {0, 1,2,..., 2 7V ~ 1 } 
Ha jjBa MHCOKecTBa I h J, TaK hto6m 6biJio BbinojiHeHO paBeHCTBO 

E il = E^ 

tei jeJ 

fljia k — 0, 1, 2, . . . , i? 

Ilpya flOKa3aji, hto bto bo3mo>kho npn iV = £ + 1. Bojiee tohho, no cymecTBy Ilpya 
ya,ajiocb flOKa3aTb cjie,zryiomee cbohctbo nocjie^OBaTejibHOCTH t. Onpe^ejiHM 

J = {zG{0,l,2,...,2 7V - 1 }:t l = 0}, 

J = {jG{0,l,2,...,2 7V - 1 }:t J = l}. 
Torjja fljia Bcex ^ k ^ iV — 1 BbinojiHeHO 

E° l = E^ 

iei jeJ 

BnflHMO, CTaTba Ilpys [28] — 3to caMoe paHHee (ho HeaBHoe) Hcnojib30BaHHe nocjie^o- 
BaTejiBHOCTH Tya — Mopca. 

Cjie/ryioinHH TeopeTHKO-HHCJiOBofi Bonpoc o nocjie^OBaTejibHOCTH Tya — Mopca 6mji 3a- 
flaH Tejib(pOHflOM b 1968 rojjy. MeTBepToe onpe/rejieHne H3 iiaHHbix HaMH Bbiine 3a,naeT nocjie- 
flOBaTejibHOCTb fi = (— 1)*\ Hecjio>KHO noKa3aTb, hto | YliLo M ^ 1 fl-* 13 JiioSoro N. Hiviea 
b BH^y TpeTbe onpe^ejieHHe Ha ocHOBe cyMMbi nnepp b ^bohhhom npeflCTaBjieHHH, bto 3Ha- 
hht, hto HaTypajibHbie HHCJia npaKTHaecKH b paBHoii CTeneHH pa3,o,ejieHbi Ha Te, y kotopmx 
cyMMa niKpp Heraa, h Te, y kotopmx cyMMa nnepp HeH&raa. Tejib(pOHfl cnpocnji, BepHO jih, 
hto cyMMa nnepp y npocTbix nnceji b jjbohhhoh CHCTeMe cnncjieHHa MOJKeT 6biTb acnMnTO- 
THaecKH b paBHoii CTeneHH neTHOH h HeneTHOH [29] . HejjaBHO Smji nojiyneH nojio>KHTejibHbiH 
OTBeT Ha 3tot Bonpoc: b |30| noKa3aHO, hto | Y2 P < X fp\ = °( 7T ( X )) n P H x ~ * °°i T ^ e cyMMa 
6epeTca no npocTbiM nncjiaM p, a tt(x) paBHO KOJinnecTBy npocTbix nnceji, He npeBoexojja- 
mnx x. Cm. TaKJKe [31j o TpyzrnocTHx npoBepKH npocTOTbi nncjia no ero npeflCTaBJieHHio b 

KaKOH-TO CHCTeMe CHHCJieHHH. 

riocjie^OBaTejibHOCTb Tya — Mopca BCTpenaeTca TaioKe b penieHHH 3HaMeHHTOH npo6jie- 
mm BepHcanjja: BepHO jih, hto Kaacflaa KOHenHO-nopoK^eHHaa rpynna, yflOBjieTBopaiomaa 
cooTHonieHHio x n = 1, KOHenHa? Otbct nojioxiHTejibHbra (h xoponio H3BecTHbiii) fljia n = 2. 
OjjHaKO fljia 6ojibniHx n otbct OTpnn;aTejibHbiH: KaK noKa3ajin Hobhkob h Ajj;hh [32l l33l 34J, 
SecKOHenHaa rpynna r(m, n) c m nopo>Kjj;aiOHi;HMH h c cooTHonieHneM x n = 1 cymecTByeT 



12 



fljifl Bcex 77i > 1 h ijjia Bcex HeneTHbix n ^ 4381. HsyneHHio cbohctb SecKOHenHbix rpynn 
r(m, n) Ha ocHOBe ycoBepnieHCTBOBaHHbix MeTO^OB H3 |32l l33l I34j nocBameHa MOHorpacpna 
A^aHa [35], rrje, b HacraocTH, oueHKa 4381 yjiynnieHa ,a,o 655. 

OflHH H3 caivibix nepBbix niaroB b penieHHH npo6jieMbi BepHcaftfla coctoht b nocTpoeHiin 
6ecKy6Hoii nocjieflOBaTejibHOCTH b ajicpaBHTe H3 flByx chmbojiob, b KanecTBe KOTopofi A,thh 
h Hobhkob Hcnojib3yiOT nocjie^OBaTejibHOCTb Tys — Mopca. ToBopa 6ojiee tohho, aBTopbi 
ccbijiaiOTCfl Ha pa6oTy ApnioHa, b kotopoh nocTpoeHa 9Ta nocjie^OBaTejibHOCTb. 

CoBeTCKHH MaTeMaTHK COJIOMOH E(pHMOBHH ApHIOH pOflHJICH B 1892 TOJiy H 6bIJI pe- 

npeccnpoBaH b kohhc 1930-x. npe^nojiojKHTejibHoe Bpeivia apecTa KOHen; 1938 — Hanajio 
1939 rofla. JJp SToro ApniOH 6biJi rjiaBHbiM pe^aKTopoM H3,naTejibCTB "Pe,n;aKHHH tcxhhko- 
TeopeTHHecKoli jiHTepaTypbi npn AKafleMHH HayK CCCP" h/hjih H3,naTejibCTBa OHTH. Oh 
6biji ch3t c pa6oTbi b hiohg 1938 ro^a (cm. [361 137]). 

B paSoTe [38] (KOTopaa (paKTHaecKH KonnpyeT Sojiee paHHioio pa6oTy [39]), ApniOH CTpo- 
ht cepnio nocjieflOBaTejibHOCTefl, no o,thoh ,h;jih KajK^oro HaTypajibHoro n, yn;oBJieTBopaio- 
myio cnen;HajibHOMy CBoflcTBy accHMeTpHHHOCTH. ,Hjih n = 2 nocjie^OBaTejibHOCTb ApnioHa 
coBna^aeT c nocjie^OBaTejibHOCTbio Tya — Mopca. TaKHM o6pa30M, stot pe3yjibTaT — 0606- 
meHHe pe3yjibTaTOB Tys o nocjie^OBaTejibHOCTax, H36eraiomHx cjiob BH^a auaua, r^e a — 
6yKBa, u — cjiobo. 

^OKa>KeM b 3aKJnoHeHHe, hto nocjie^OBaTejibHOCTb Tys — Mopca noaTH nepnoflHHHa. 
3to cjie^yeT H3 TeopeMbi 12.2.11 ho mm npnBefleM 3,a;ecb paccy>KfleHHe hbho. 3aMeTHM, hto 
^ocTaTOHHO ^OKa3aTb, hto rjir Kaxc/jpro n HaftfleTCH TaKoe l n , hto Ha Ka^K^OM OTpe3Ke ajih- 
hm l n b t HaiyjeTCfl bxo jk^g h h e cjiOBa u n (b o6o3HaneHHflx nepBoro onpe^ejieHHH H3 Hanajia 
pa3^ejia). ^chctbhtcjibho, Bee ocTajibHbie no^cjiOBa co,a,ep>KaTCfl b o^hom h3 u n , nocKOJibKy 

t = lilOn^^Un. J^JIH n = B03BMGM Iq = 3. ^GHCTBHTGJIbHO, Uq = 0, a B nOCJIG^OBaTGJIb- 

hocth t HHrflG hgt Tpex 1 no/jpa/j; (h BOo6me hgt HHKaKHX Ky6oB). 5Icho Tcncpb, HTO flJia 
npoH3BOJibHoro n uoppm^eT 4\u n \ = 2 n+2 , noTOMy hto jjjia KajK^oro n nocjie^OBaTejibHOCTb 
t mo)kho 3anncaTb KaK t = u n u n u n u n u n u n u n u n . . . , npnneM ecjin 3aMeHHTb BCKmy u n Ha 

H U n Ha 1, TO nOJiyHHTCfl B TOHHOCTH t. 

1.4. BTopoii npHMep: nocjie^OBaTejibHOCTH IIlTypMa 

/Ipyraa oneHb nonyjiapHaa nocjie^OBaTejibHOCTb — nocAedoeameAbHOcmb <Pu6oHauuu — 
onpe^ejiaeTca KaK 6ecKOHeHHaa BnpaBO HenoflBHJKHaa TOHKa OTo6pa»ceHHH Ha SecKOHenHbix 
nocjie^OBaTejibHOCTHx, npn kotopom o^HOBpeMeHHO 3aMeHaeTca 0— > 01 h 1 - > (to ecTb 
hhcto MopcpHnecKaa nocjie^OBaTejibHOCTb, HaHHHaiomaaca c h nojiyneHHaa H3 Mop(pH3Ma 
— > 01, 1 — ► 0; cm. pa3nejibi 16.11 16.31) . riojiynaeTca nocjie^OBaTejibHOCTb 

f = 010010100100101001010 . . . 

IlocjieflOBaTejibHOCTb f TaKJKe cjiyjKHT npHMepoM ko mhofhm yTBepjK^eHHHM h o6jiaflaeT 
caMMMH pa3HbiMH BKCTpeMajibHbiMH CBOHCTBaMH. HeKOTopbie H3 hhx mm BCTpeTHM ^ajiee B 

3TOH CTaTbC 

IlocjieflOBaTejibHOCTb OnSoHanHH — npHMep nocjie^OBaTejibHOCTH IIlTypMa. nocjie^o- 
BaTejibHOCTH IIlTypMa mojkho onpe^ejiHTb HecKOJibKHMH BKBHBajieHTHbiMH cnocoSaMH. Mbl 
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onHineM HeKOTopue H3 hhx, BMecTe c conyTCTByioiHHMH cbohctbeimh. no,a,po6Hee o nocjie- 
^OBaTejibHOCTHx IIlTypMa moxho npoHHTaTb, HanpiiMep, b [40, lllj. 

B 3tom pa3^ejie penb Hjj,eT o nocjie^OBaTejiBHOCTHx b aji(paBHTe {0, 1}. HanoMHiiM, hto 
no^cjiOBHoii cjiojkhoctbio nocjie^OBaTejibHOCTH x Ha3biBaeTca TaKaa (pyHKHiia P x : N — > N, 
hto P x (n) paBHO KOJiHMecTBy cjiob fljiHHbi n, bxojihihhx b nocjie^OBaTejibHOCTb x. Cjie^yio- 
ihhh H3BGCTHBIH pe3yjiBTaT b TepMHHax noflCJiOBHoii cjiojkhocth xapaKTepH3yeT nepHOijHHe- 
CKiie nocjie^OBaTejibHOCTH. 

IIpe^jio^ceHHe 1.4.1 ([6J). 1) Ecjiu nocAedoeameAbHocmb x 3aKJiK>HumejihH0 nepuodu- 
hcckQiH, ee nodcAoenaH CAOotcnocmb ozpanuHena: cymficmeyem manan KOHcmanma C , 
umo P x (n) ^ C 8am ecex n 

2) Ecau 3am neKomopozo n eepno P x (n) ^ n, mo nocAedoeameAbnocmb x 3aKAtonumeAbH0 
nepuoduHecKdH. 

riocjie^OBaTejibHOCTb x Ha3biBaeTCH nocAedoeameAbnocmbto UlmypMa, ecjiu P x (n) = 
n + 1. TaKHM o6pa30M, nocjie^OBaTejibHOCTH IIlTypMa — bto nocjiejxpBaTejibHOCTH c mhhh- 
MajibHofl bo3mojkhoh fljia anepHO,THHecKHx nocjie^OBaTejibHOCTefi no^cjiOBHoii cjiojKHOCTbio. 

MHoacecTBO KOHeaHbix cjiob X Ha3biBaeTCH c6aAancupoeaHHUM, ecjin ^Jia Jiio6bix cjiob 
u, v E X o^imaKOBOH ^jiHHbi HMeeM — \v\i\ ^ 1. KoHenHoe cjiobo hjih SecKOHeHHaa 
nocjieflOBaTejibHOCTb Ha3biBaeTca c6aAaHcupoeaHHUM/ou, ecjiu mhokcctbo ero/ee noflCJiOB 
c6ajiaHCHpoBaHHO. 

,Hjih flelicTBHTejibHbix aiiceji a h p, TaKiix hto 0^«^1k0^p<1, onpe,n;e- 
jihm nocjieflOBaTejibHOCTH s QjP h s' KaK s a ^ p (n) = \_a(n + 1) + pj — [an + pj , s' (n) = 
\a(n+ l)+p] — \an + p]. Ohh Ha3biBaiOTca, cooTBeTCTBeHHO, humchhh h eepxHMM Mexanu- 
necKue c HaKjiOHOM a h cjjBHroM p. 3th tgpmhhm jierxo o6 r bacHHMbi, ecjin nocMOTpeTb Ha 
rpacpnaecKyio HHTepnpeTan,Hio MexaHaaecKHx cjiob (pac. [2]). OHa nojiyaaeTca cjiejjyiomHM 
o6pa30M. MtoGm nojiyanTb MexaHiiaecKiie nocjie,n;oBaTejibHOCTH s a p h s' , Hy>KHO npoBecTii 
npaiviyio y = ax + p, nocjie nero Ha KajK/xoH BepTHKajibHofi npHMofi x = n OTMeTHTb caMbie 
6jiH3KHe k npaMofl c o6enx ctopoh — CBepxy h CHH3y — uejibie tohkh. JJpjiee tohkh Ha,a, 
npaMOH Hy>KHO coe^HHHTb jiOMaHoft, OHa h onpe^ejiaeT BepxHioio MexaHiiaecKyio nocjie^o- 
BaTejibHOCTb: ropii30HTajibHoe 3bcho JiOMaHoii cooTBeTCTByeT 0, a HaKjiOHeHHoe no,a, yrjiOM 
45° cooTBeTCTByeT 1. HnxcHaa MexaHHHecKaa nocjiejroBaTejibHOCTb nojiyaaeTca aHajiornaHO 
no JiOMaHOH, coe^HHaiomeH tohkh CHH3y ot npaivioii. 

Mojkho noKa3aTb, hto f = 1/^2, r^;e = 1+ 2 V ^ — 30JiOToe ceaeHiie, to ecTb nocjie- 
^OBaTejibHOCTb OaGoHaaaH aBjiaeTca nocjie^OBaTejibHOCTbio IIlTypMa. OHa H3o6paa<eHa Ha 

PHC.EJ 

BajKHO OTMeTHTb, hto BepxHHa h HicKHaa MexaHHnecKHe nocjie^OBaTejibHOCTH noHTH 
coBna^aiOT, KpoMe, bo3mojkho, flByx chmbojiob; 3to HecoBna^eHHe npoHCxo^HT b cjiyaae, 
ecjin HafifleTCH TaKoe n, hto an + p G Z. MexaHnnecKoe cjiobo Ha3biBaeTca pan;HOHajibHbiM 

HJIH HppaHHOHajIbHbIM B 3aBHCHMOCTH OT paHHOHajIbHOCTH HaKJIOHa Of. 

Mojkho paccMOTpeTb jjpyrne BapnaHTbi nojiyneHHH chmbojihhcckoh nocjieflOBaTejibHO- 
cth H3 npaMOH, HapHCOBaHHOH Ha KJieTHaTofi SyMare. HanpHMep, mojkho OTMeTHTb Bee ne- 
peceneHHH npaMOH c jihhhhmh ceTKH, h npn nepeceaeHHH ropH30HTajibHOH jihhhh nncaTb 
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Phc. 2. BepxHaa MexaHiinecKaa nocjie^OBaTejibHOCTb s' 1/(b 2 xis 1 = ^ ■ 



b nocjie^OBaTejibHOCTb 0, a npn nepeceneHHH BepTHKajibHoii niicaTb 1. /Jpyron BapiiaHTi 
mojkho npiiGjiiiacaTb npaiviyio CBepxy jioiviaHOH, cocTaBJieimoH He H3 ropn30HTajibHbix h Ha- 

KJIOHHblX OTpe3KOB, a 113 rOpil30HTajIbHbIX H BepTHKajIbHblX! npH 3TOM rOpil30HTajIbHbIH OT- 

pe30K 6yn;eT cooTBeTCTBOBaTb 0, a BepTHKajibHbifi 1. 06a TOJibKO hto Ha3BaHHbix BapiiaHTa 
(xaK h HeKOTopbie ^pyrne He Ha3BaHHbie) onpe^ejiaiOT no-npe)KHeMy Kjiacc MexaHHnecKHx 
nocjieflOBaTejibHOCTeii, npnneM ot napaMeTpoB sthx BapnaHTOB k napaMeTpaM iicxo^Horo 
onpeflejieHHH mojkho nepexo^HTb bbihhcjihmo, h HaoSopoT. 

^OKa3aTejibCTBO cjie^yiomeH TeopeMbi, bh^hmo, yace OTHOcaineiica k (pojibKJiopy, mojkho 
HafiTH, Hanpniviep, b 

TeopeMa 1.4.2. /Jam nocAedoeameAbHocmu x CAedywu^ue ycAoeun aKeueaAenmHu: 

(i) x aeAttemctt nocAedoeameAbHocmbw UlmypMa; 

(ii) x c6aAancupoeaHHaH u anepuoduuecKan; 
(Hi) x MexanuuecKafi uppai^uouaAbHafi. 

TaKHM o6pa30M, Sjiaro^apa Teopeivie 11.4.21 mm HMeeM Tpii SKBiiBajieHTHbix onpe^ejieHna 
nocjie^OBaTejibHOCTeii IIlTypMa. 

AjiropiiTMHHecKPie Bonpocbi b cb33h c nocjie^OBaTejiBHOCTaMH IIlTypMa paccMOTpeHbi b 
pa3^ejie I3.2L 

SaivieTHM, hto jno6aa nocjieflOBaTejibHOCTb IIlTypMa aBJiaeTca iiohtii nepno^HHecKOH. 
^eficTBHTejibHO, 3to cjie,iryeT H3 n. (in) TeopeMbi 11.4.21 h h3 TeopeMbi II .0 . 1 L 

IlocjieflOBaTejibHOCTii co cjiojKHOCTbio n+c, r^e c — nojiojKiiTejibHaa KOHCTaHTa, oniicaHbi 
b paSoTe [4T] . 



2. Ajire6pa iiohth nepno^HnecKHx nocjie^OBaTejibHOCTeii 
2.1. BjiOHHoe npoH3Be/i,eHHe 

IlocjieflOBaTejibHOCTb Tys — Mopca (cm. pa3fleji 11.30 — sto nacTHbiii cjiynaii TaK Ha3biBae- 
Moro SjiOHHoro npoH3Be,a,eHHa, paccMOTpeHHoro b CTaTbe |42j. IlycTb u,v G B*. Onpe^ejiHM 
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6jioHHoe npou3eedenue u®v HHJxyKnneH no jj,jiHHe v: 

A = A, 

u <g> vO = (u (g) f )m, 
It (g> f 1 = (w (g f )m. 

JlerKO npoBepHTb, hto 6jiOHHoe npoH3Be,u;eHHe jjHCTpnSyTHBHO cnpaBa (ho He cjieBa!) h acco- 
HiiaTHBHO, to ecTb u® (vw) = (u<g>v)(u®w) h u<&(y®w) = (u<g)v)(£)w fljia jhoSbix CJIOB U, V, 
w. IlycTb Tenepb Uk, k = 0,1,2, .. . — nocjie/ipBaTejibHOCTb HenycTbix cjiob h3 B*, TaKHx hto 
npn k ^ 1 cjiobo Uk Ha^HHaeTCfl c 0. Tor^a b nocjie^OBaTejibHOCTH uq,uq®u\,Uq®U\®U2, ■ ■ ■ 
Ka>K^oe H3 cjiob flBjiaeTCfl npecpHKCOM jiio6oro H3 cjiejjyiomHx, h 3HannT, cymecTByeT 



lim (9) 

n— >oo v — ' 



— SecKOHenHaa nocjie^OBaTejiBHOCTb b B n . HanpHMep, nocjieflOBaTejiBHOCTb Tys — Mopca — 
3to 6jiOHHoe npoH3Be/j;eHHe cjiob — 01. 

BjiOHHoe npoH3Bejj;eHHe nojjpo6HO H3ynajiocb b [22]. B nacTHOCTH, TaM jj;oKa3aHO, hto 
<S)fclo Mfc Bcerjj;a noHTH nepnojiHHHa (cm. Teopeiviy 12 . 2 . 1 H . 

Kpoivie nocjie^OBaTejiBHOCTH Tys — Mopca b KanecTBe npHMepa nocjie^OBaTejiBHOCTH, no- 
jiynaiomenca npn noMomn 6jionHoro npon3Bejj,eHna, b |22| npnBOijHTca mepHapnaH nocAedo- 
eameAbHocmb Kuhu ("BajibC SecKOHenHoro nopa/iKa") Xk = 0010011100010011101101100 
001 <g 001 <g 001 <g . . . TaKJKe bbojj;htc5i nacTHbin cjiynafi SjiOHHoro npoH3BejjeHHa — nocjie- 
/xpBaTejibHOCTH BHfla Opi (g 0^2 ® 0^3 (g . . . , rjj;e Bee Pi paBHbi hjih 1 , npnneM cpe/in hhx 
SecKOHenHoe KOJinnecTBO 1; ohh Ha3biBaiOTca nocAedoeameAbHocmHMU KanymaHU, kotopbih 
hx BnepBbie H3ynaji b |43j . Bh^ho, KCTaTH, hto mhokbctbo nocjie^OBaTejiBHOCTen KaxyTa- 
hh — 3to KOHTHHyajibHoe ceMeHCTBO noHTH nepnojjnnecKHx nocjie^OBaTejibHOCTen; ojjHaKO 
He BcaKaa noHTH nepHOJTHnecKaa nocjie/ipBaTejibHOCTb aBJiaeTca nocjieflOBaTejibHOCTbio Ka- 
KyTaHH. 

BjiOHHoe npoH3Be^eHHe — 3(p(peKTHBHbin cnocoS nocTpoeHna pa3JinnHbix nocjie^OBa- 
TejibHOCTeii, yflOBjieTBopaiomnx Hy>KHbiM CBoiicTBaM. npniviepbi TaKHx KOHCTpyKirnn cojj,ep- 
>KaTCH b [22], npHBejj,eM HeKOTopbie pe3yjibTaTbi OTTyjj,a. 

OmHocumeAbHou uacmomou exowcdenutt T u (x,i,j) SjiOKa u b nocjie^OBaTejibHOCTb x Ha 
OTpe3Ke Ha3biBaeTca kojihhcctbo ero Bxo»cjieHHH Ha btom OTpe3Ke (to ecTb TaK, htoSm 
jieBbiii KOHen; Jieacaji Ha OTpe3Ke), /jejieHHoe Ha j— Bjiok u Ha3biBaeTca ue3apoecKUM jjjia 
x, ecjiH cymecTByeT cpejjHaa nacTOTa ero Bxo>K^,eHHa I u (x) = lim^oo T u (x, 0, n); paeHOMep- 
ho ne3apoecKUM, ecjin I u (x) = lim n _ +00 T tt (a;, s, s+n) paBHOMepHO no s. riocjie^OBaTejibHOCTb 
(paeHOMepno) He3apoecKcm, ecjin Bee ee (paKTopbi (paBHOMepHo) ne3apoBCKHe. 

Ecjih x noaTH nepnoflHHHa, to jjjia jnoSoro ee (paKTopa u HMeeM CTporoe HepaBeHCTBO 
liminf^oo (inf s ^ T n (x, s, s + n)) > 0. B nacTHOCTH, ecjin u ae3apoBCKHH, to I u (x) > 0. 

B |22j fljia SnHapHbix nocjie^OBaTejiBHOCTen, nojiynaeMbix c noMombio 6jionHoro npo- 
H3Bejj,eHna, CTponTcn npniviep, b kotopom n 1 He aBjiaiOTca ne3apoBCKHMH. npnBOJj,HTca 
KpHTepHH Toro, Korjj;a ^;jia TaKHx nocjie^OBaTejibHOCTeH aBJiaeTca ae3apoBCKHM co cpeflHeii 
aacTOToii |. 
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KpoMe Toro, hto oco6eHHO HHTepecHO rjisi HaniHx paccMOTpemiH, b |22| o6cy>K^,aeT- 
ca, HacKOJibKO nocjie^OBaTejibHOCTH, nojiynaeMbie npii noMonni Sjiohhoto npoH3Be^,eHHH, 
mojkho c^HTaTb nGpiioflii^GCKHMH ! "XoTa noHTH Bee HaiiiH nocjie^OBaTejibHOCTH He nepno- 

flHHHbl B CTpOrOM CMblCJie, MHOriie H3 HHX o6jiaflaK)T CBOHCTBaMH nepHOflHHHOCTH HeCKOJIb- 

ko Huoro xapaKTepa". IIpnMep: ^Jia nocjieflOBaTejibHOCTii Tya — Mopca t h MHOJKecTBa 
F = {0110,1001,0101,1010} BbinojiHeHO t[i,j] G F 2\i. AHajiornnHO, Rjia nocjie^OBa- 
TejibHocra Khhh h F' = {001, 110} BbinojiHeHO xx[h j] £ F' 3\i. ,HoKa3aHa cjie,a,yiomaa 
oSmaa TeopeMa. 

TeopeMa 2.1.1. 1) Ilycmb x = 0P 1 g> 0P 2 ® ■ ■ ■ u C n = 0P 1 ® 0P 2 <g> ■ ■ ■ ® 0P n 3ah 

neKomoposo n. Ecau cyuyccmeyem j , manoe umo e D = 0P n+ i <8> 0P n +2 <%>••■<%> 0P n+ j 
exodum oduo ua caob 001, 110, 011, 100, mo 3am Muootcecmea F = U|«|=2|d| C n ® u 
eunoAHttemctt x[i,j] £ F \C n \\i, 

2) Ecau nocAedoeameAbHocmb x = OPi (8> 0P 2 <8> . . . He nepuodunna, mo 3aa Kawcdozo n 
uaudemcA Mnowcecmeo F n , 3aa Komopozo x[i,j] 6F„0 r n \i, zde C n = 0P\ ® OP2 ® 
• • • <S> 0P n , r n = |C n |. 

B KOHue paSoTbi [22] ccpopMyjinpoBaHbi 8 sa^an, ecTb KaK npocTbie ynpaaoieHHa, TaK 
h Hccjie^OBaTejibCKHe npo6jieMbi, npe,a,jio>KeHHfl o6o6mHTb nojiyneHHbie b CTaTbe pe3yjib- 
TaTbi. O^Ha H3 3a,o,aH 3aKjnoHaeTca b npe,a,jio>KeHHH o6o6nniTb SjionHoe npoH3BefleHHe Ha 
cjiynan npoH3BOJibHoro KOHenHoro ajicpaBHTa. 3to c^ejiaHO hbho b [44], o^HaKO no cymecTBy 
pe3yjibTaTbi b btom HanpaBJieHHH mojkho HafiTH h b |45| (cm. TaKace pa3jeji [272T ) . 

K 9THM OTKpblTbIM BOnpOCaM MM MOJKeM floSaBHTb CJie^yiOmHH. 

Ilpo6jieMa 1. H3ynHTb 6ojiee no^poSHO "cBoflcTBa nepHO^HHHOCTH hhoto xapaKTepa", o 

KOTOpblX TOBOpHTCa BblHie. B HaCTHOCTH, BO3MC0KHO, nojiy^HTb KpHTepnii pa3peniHMOCTH 

MOHaflH^ecKHx Teopnii TaKHx nocjie^OBaTejibHOCTeii (cm. pa3^eji[3]). 

B 3aKjnoHeHHe npHBe^eM cjie^yiomHii jno6onbiTHbiH npHMep. Oh HaM noHa^oSHTCfl b 
,n;0Ka3aTejibCTBe npefljio»ceHHa 12.3. 10L 

IIpefljio^ceHHe 2.1.2. Cyu^ecmeyem nonmu nepuodunecKan nocAedoeameAbHocmb Had M, 
y nomopou 3ah ak>6ozo n naudemcH npecfiuKC, e nomopoM HyAeu Ha n 6oAbwe, ueM edunuv,, 
u 3aa aw6o20 n naudemcH npecfiuKC, e KomopoM edunuv, na n 6oAbwe, ueM HyAeu. 

fioKaaameAbcmeo. IIojiojkhm x = 001(8)^)^ 0111. IlycTb u m = 001®®™! 0111. ^OKaxceM 
HH^yKi^Hefi no m, nTO |w m |o — \u m \i — (— l) m 2 m . /^encTBHTejibHO, npn m = HMeeM Uq = 001, 
\uo\o - kill = 2-1 = 1. 

IlycTb Tenepb |w m |o — \u m \i — (— l) m 2 m . Ilo onpe^ejieHnio u m+ \ = u m u m u m u m , 3HannT, 
|«m+i|o- |wm+i|i = |ww|o + 3|w m |i-(|w m |i+3|w m | ) = 2(|« m |i - |w m | ) = (-l) m + 1 2 m+1 . □ 

2.2. yHHBepcajibHbiH MeTOfl nocTpoeHHa 

Cjie^yioni;HH MeTO^ nocTpoeHHa nocjie^OBaTejibHOCTen, no cym;ecTBy npeflJiojKeHHbin b [45] 
n oScyjKflaBninnca TaK»ce b [10], b HeKOTopoM CMbicjie o6o6ni;aeT 6jionHoe npoH3Be^eHHe. 



17 



Oh aBjiaeTca yHHBepcaabHbiM, b tom CMbicjie, hto c ero noMomiao mojkho noayaHTb jiio6bie 
o6o6in,eHHO noaTH nepnoaHaecKHe nocaeapBaTeabHOCTH. Mbi h3jio>khm HeMHoro Moancpn- 
nnpoBaHHyio BepcHio SToro MeToaa. 3tot MeToa, HaM HeoaHOKpaTHO noHaapSnTca aaaee b 
CTaTbe. 

IlocjieflOBaTejibHOCTb (B n ,C n ,l n ), rae B n a C n — HenycTbie MHoacecTBa HenycTbix cjiob 
b cpHKcripoBaHHOM kohchhom aacpaBHTe A : l n — HaTypajibHbie ancaa, Ha3biBaeTca A-QAV- 
cxeMOU, ecjin aaa Hee BbinoaHaiOTca caeayiomne aeTbipe ycaoBna aaa jiioSoro n£N: 

(1) Bee cjiOBa H3 B n hmciot aanHy l n ; 

(2) Bee cjiOBa H3 C n npeacTaBHMbi b Bnae V1V2, rae t>i,t>2 G B n} n Kaacape cjiobo H3 B n 
Hcnojib3yeTca b KaaecTBe V{ b KaKOM-TO H3 cjiob MHoacecTBa C n ; 

(3) Kaacape cjiobo H3 B n+ i HMeeT Baa, v\V2 ■ ■ ■ Vk, rae aaa Kaacapro i < k HMeeM v G C n 
(b nacTHOCTii, Bee Vi G B n ), 11 aaa Kaacapro u> G n HaiiaeTca i < k, aaa KOToporo w = UjUj+i; 

(4) aaa Kaatapro cjiOBa u = V1V2 ■ ■ ■ VkW\W2 ■ ■ ■ Wk H3 n+ i (3a,ecb Vi, W{ G B n ) HMeeM VkW\ G 

Mm SyaeM roBopHTb, hto nocaeapBaTeabHOCTb x G A n Q AT ' -nopootcdena A-QAV-cxeMOU 
{B n , C n , l n ), ecjin aaa Kaatapro n G N HanaeTca Taxoe hto #jih Bcex % G N BbinojiHeHO 

x[k n + iZ n , /c n + (i + 2)/ n 1] G C n . 

ByaeM roBopHTb, hto nocaeapBaTeabHOCTb QAV-nopoMcdena npaeuAbno, ecjm Z n |/c n . 

Hecjio>KHO BiifleTb (113 KOMnaKTHOCTii) , hto Kaacaaa QAV-cxeMdt npaBiuibHO QAV-no- 
poacaaeT xoTa 6bi oaHy nocaeapBaTeabHOCTb. KaK apKa3aHO b [10], Kaacaaa nocaeapBaTeab- 
hoctb, ^.AP-nopoacaeHHaa C^P-cxeMOH, HBaaeTca o6o6iaeHHO noaTH nepHoanaecKOH. Kpo- 
Me Toro, Kaacaaa o6o6iaeHHO noaTH nepHoanaecKaa nocaeapBaTeabHOCTb C^AP-nopoacaaeT- 
ca HeKOTopoa QAV-cxeMom, npiiaeM 3Ty QAV-cxemy mohcho Bbi6paTb Tax, hto6m nocaeap- 
BaTejibHOCTb nopoataaaacb npaBiuibHO. Otmcthm TaKate BaacHoe cbohctbo: ecjia o6o6raeHHO 
noaTH nepnoaiiaecKaa nocaeapBaTeabHOCTb (/./tP-nopoacaeHa QAV-cxeMom, to, 3Haa napa- 
MeTpbi STOii cxeMbi (apcTaTOHHO nocaeapBaTeabHOCTeii k n a l n ), MoacHO BbiaacaaTb on;eHKy 
CBepxy Ha peryaaTop noaTH nepnoflHaHOCTH nopoacaaeMoii nocaeflOBaTeabHOCTH. 

fljia noayaeHHH noaTH nepHoanaecKHx nocae^OBaTeabHOCTeii Moa<HO Taxace noab30BaTb- 
ca noHaraeM ^^IP-cxeMbi. Mbi 6y^eM roBopHTb, aTO nocae)j,OBaTeabHOCTb x G A N AV- 
nopoMcdena A-QAV-cxeMOU (B n , C n , l n ), ecaa ^aa Bcex n G N a i G N BbinoaHeHO 

x[il n , (i + 2)l n - 1] G C n . 

^pyraMH caoBaMH, nocaeflOBaTeabHOCTb ^4P-nopoa<)j,aeTca, ecaa OHa C/.A'P-nopoaiaaeTca 
co BceMH k n = 0. 

AHaaoraaHO npeabiaymeMy, Kaa<ij;aa ^^4.P-cxeMa ^.P-nopoa^flaeT xoTa 6bi OflHy no- 
cae^OBaTeabHOCTb. Kaa<;j,aa nocaeapBaTeabHOCTb, ^.P-nopoa^^eHHaa ^^P-cxeMoii, aBjia- 
eTca noaTH nepnoaiiHecKOH. Kaacjj,aa noaTH nepHO^naecKaa nocaeapBaTeabHOCTb MoaceT 
6biTb .AP-nopoac^eHa KaKon-Hn6y)j,b ^^tP-cxeMoii. Baa^Hoe cbohctbo coxpaHaeTca: no QAV- 
cxeMe, nopoa<;flaioni;eH nocaeflOBaTeabHOCTb, Moa<HO noayaaTb on;eHKy CBepxy Ha peryaaTop 
noaTH nepHoanaHOCTH btoh nocaeflOBaTeabHOCTH. 
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3tot cnoco6 nopoa^eHna nonTH nepno^nnecKHx nocjie^OBaTejibHOCTen mojkho ynpo- 

CTHTb, HO IIOJKGpTBOBclB , nO BCGH BH^HMOCTH, nOCJie^HHM CBOHCTBOM. 

IlocjieflOBaTejibHOCTb (B n ,l n ), r^e B n — HenycToe MHoacecTBO HenycTbix cjiob b cpnKcn- 
poBaHHOM KOHenHOM ajicpaBHTe A, l n — HaTypajibHbie anoxia, Ha3MBaeTca A-AV-cxeMou, 
ecjin fljia Hee /j;jia jiio6oro n G N BbinojiHeHO ycjiOBne (1), n jj;jia jiioSoro n G N Kaac/ipe 
u G B n+ i HMeeT bha u = V\V2 ■ ■ ■ ffc, r^e Vi G -B n , npnneM ,a,jia Kaat,a,oro w G B n Han,i],eTca i, 
TaKoe hto Vi = w. IlocjieflOBaTejibHOCTb x AV -nopocHcdena A-AV-cxeMoil, ecjin ,a,jia jiioSmx 
inn HMeGM 

x[il n , (i + l)l n - 1] G B n . 

KaK n paHbine, KajK^aa ^4.P-cxeMa AP-nopoac^aeT xoTa 6m o^Hy nocjieflOBaTejibHOCTb. 
KajK^aa nocjie/ipBaTejibHOCTb, AP-nopoacfleHHaa ^."P-cxeiviOH, aBJiaeTca nonTH nepno/jn- 
aecKon. Kaac/iaa nonTH nepno/jnaecKaa nocjie/ipBaTejibHOCTb MoaceT 6biTb ^4P-nopoac,neHa 
KaKOH-Hii6yi],b ^IP-cxeMOH. O^HaKO Tenepb y>Ke, BooSme roBopa, mojkgt 6biTb HeBepHO, hto 
no cxeMe mojkho oneHHBaTb CBepxy peryjiaTop nonTH nepno^nnHOCTH nopoa^aeMoii nocjie- 
^OBaTejibHOCTH. Ilo Kpaimen Mepe, to ace paccyacaeHne, KOTopoe mojkho Smjio npnMeHHTb 
paHbine, 3/iecb yace He pa6oTaeT. Hanpniviep, HeacHO aaace, KaK, 3Haa cxeiviy, aaTb oneHKy 
Ha paccTOHHHa Meac/ry coceaHHMH BxoacaeHHHMH flByx6yKBeHHbix cjiob: TaKoe cjiobo MoaceT 
OKa3aTbca Ha CTbiKe aByx Sjiokob — sjieMeHTOB cxeMbi. 

THnoTe3a 2. Cymecmeyem eunucjiuMan AV-cxeMa u AV -nopowcdeHHan ew nocaedoea- 
meAbHocmb x, maKan umo pezyAHmop R x ne buhucaum. 

Kor,aa acHO, o KaKOM ajicpaBHTe, o KaKOM THne cxeMbi hjih o KaKOM Tnne nopoacaeHna 
nocjie^OBaTejibHOCTH naeT penb, mm SyaeM onycKaTb cooTBeTCTByioiinie npncTaBKH. 

IlpHMeHeHHe yHHBepcajibHoro MeToaa nocTpoeHna npoHjuiiocTpHpyeM Ha npHMepe cae- 
jjyromero pe3yjibTaTa H3 [22], kotopmh mm Tenepb Moa<eM apKa3aTb coBceM npocTO. 

TeopeMa 2.2.1 ([22]). nycmt> x = <S)fcLo Mfc ' z ^ e CJloea u k £ BS* HaHunatomcH c npu k ^ 1. 
Tosda x nonmu nepuoduuecKan. 

JJoKasameAbcmeo. Ecjih Bee HaanHaa c HeKOToporo, cocToaT H3 oaHHX 0, to nocae- 
^OBaTejibHOCTb x nepHoanaecKaa, a 3HannT, n nonTH nepnoanaecKaa. HHaae apcTaTOHHO 
paccMOTpeTb cjiynaii, npn kotopom Kaacape Uk coaepacHT xoTa 6m oaHH chmboji 1 (06- 
mnn cjiynan k HeMy jierKO CBoairrca). Ho b stom cjiynae x .AP-nopoataaeTca AV-cxeMofi 
B n = {a n ,a n }, rjjfi a n = <3)fc=o M fc, h 3HanHT, aBJiaeTca nonTH nepno^HHecKOH. □ 

2.3. KoHeHHO-aBTOMaTHbie npeo6pa30BaHHa 

IlpeflCTaBJiaeTca HHTepecHMM paccMaTpnBaTb npeo6pa30BaHna nocjie^OBaTejibHOCTen n nbi- 
TaTbca noHHTb, coxpaHaiOT jih sth npeo6pa30BaHna CBOHCTBa nonTH nepnoflnnHOCTH. IIpo- 
CTenmnMH ajiropHTMnnecKHMH npeo6pa30BaHnaMH mojkho cnHTaTb KOHenHO-aBTOMaTHbie. 
B to ace BpeMa KOHenHO-aBTOMaTHbie npeo6pa30BaHna mox<ho BoenpnHHMaTb KaK HanSojiee 
mnpoKHH KJiacc npeo6pa30BaHHH, coxpaHaiomnx onpejj;ejieHHyio ajireSpannecKyio CTpyKTy- 
py nocjieflOBaTejibHOCTen. 
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,Haa pa3aHHHbix KjiaccoB nocaeapBaTeabHOCTeH hsbccthm pe3yabTaTM o 3aMKHyTOCTii 
OTHOciiTGJibHO KOHe^HO-aBTOMaTHbix npeo6pa30BaHHii — HanpHMep, cm. TeopeMbi l6.1.4l H l6.3.3[ 
B HacroameM pa3aeae mm oScyataaeM 3aMKHyTOCTb OTHOCHTeabHO TaKHx npeo6pa30BaHHH 
nocjie^OBaTejibHOCTefi c pa3JiHHHbiMii CBoiicTBaMH THna iiohth nepnoaiiaHOCTH. 

,Hpyraa MOTHBauiia 3aKaioaaeTca b cbs3h KOHeaHO-aBTOMaTHbix npeo6pa30BaHHii (a Toa- 
Hee, pacno3HaiomHx aBTOMaTOB Ha nocaeapBaTeabHOCTax) c MOHaanaecKHMH TeopnaMH Ha 
HaTypajibHbix ancaax c OTHonieHneM nopaaKa, kotopmm nocBameH pa3aea 13.11 (cm. Teope- 
mv 13X61) . 

KoHeuHO-aemoMamHUM npeo6pa3oeameAeM Ha30B§M coBOKynHOCTb M = (A, B, Q, q, A, /i), 
rae A h B — KOHeaHbie MHoacecTBa, Ha3biBaeMbie cooTBeTCTBeHHO bxo^hoh h BbixoaHoft aa- 
cpaBHT, Q — KOHenHoe MHOJKecTBO cocToaHHH, q G Q — Bbi^ejieHHoe cocToaHne, Ha3biBaeMoe 
HaaajibHbiM, h 

A: Q x A -> B*, li: Qx A^Q 

— cpyHKHiin nepexoapB. IlycTb x G A n . IIocaeapBaTeabHOCTb (p n )^L sjicmchtob MHoacecTBa 
Q Ha30BeM xodoM npeo6pa3oeameAH M Ha x, ecjin po = q h aaa Kaacapro n BbinoaHaeTca 
p n+ i = Li(p n ,x(n)). IlocjieflOBaTejibHOCTb M(x), onpeaeaaeMyio KaK M(x)(n) = \(p n ,x(n)), 
rae (p„)^L — xoa, npeo6pa30BaTejia M Ha x, Ha30BeM o6pa30M nocAedoeameAbnocmu x nod 
deucmeueM M. 

Ecjih aaa Kaacabix a G A, q G Q BbinojiHeHO |A(g, a)\ = 1, to npeo6pa30BaTejib M Ha3bi- 
BaeTca paenoMepnuM. IlpHMeHeHHe npoH3BOJibHoro KOHeaHO-aBTOMaTHoro npeo6pa30BaTejia 
k nocjieflOBaTejibHOCTH mojkho npeacTaBHTb KaK nocaeapBaTeabHoe npHMeHeHne paBHOMep- 
Horo KOHeaHO-aBTOMaTHoro npeo6pa30BaTejia h HeKOToporo Mop(pH3Ma. 

IIpe^jio^ceHHe 2.3.1. Ilycmb M = (A, B,Q,q, A, /i) — KOHeHHO-aemoMamnuu npeo6pa- 
3oeameAb, x — nocAedoeameAbnocmb. Tozda cyv^ecmeyem maKou paeHOMepnuu kohchho- 
aemoMamHuu npeo6pa3oeameAb M' u maKou Mop<pu3M <p, umo M(x) = 0(M'(x)). 

JJoKa,3ameAbcm60. ^eficTBHTejibHO, noaoacHM M' = (A, QxA,Q, g, A, //), TaK hto n'(q, a) = 
(q,a) aaa jno6bix q G Q h a G A. OnpeaeaHM TaKace Mop(pH3M 0: Q x A — > £>, t&k hto 
a)) = a) aaa jno6bix q G Q h a G A. 5Icho Toraa, hto M(x) = cj>(M\x)). □ 

IlosTOMy aacTO aaa ynporneHna CHTyaHHH mm orpaHnanBaeMca paccMOTpeHneM paBHO- 
MepHbix KOHeaHO-aBTOMaTHbix npeo6pa30BaTeaen. Ecan — Bxoa<fleHHe caoBa u b no- 
cae^OBaTeabHOCTb x, npnaeM Pi = q, rae (p n )^L — xofl npeo6pa30BaTeaa M Ha x, to 6yoeM 
roBopHTb, hto npeo6pa30BaTeab M nodxodum k STOMy Bxoa<;^,eHHio caoBa u e cocmonnuu q. 

Ho cymecTBy, caeayiomaa TeopeMa ^OKa3aHa b [45] (cm. TaKace |10|). ^aa noaHOTbi 
H3aoaceHHa mm npHBO^HM ee c noaHMM ^OKa3aTeabCTBOM (no |10|). 

J\jir npoH3BoabHoii cpyHKii;HH g o6o3HaaHM g o g o • • • o g aepe3 g m . 



TeopeMa 2.3.2 ([45J, HDJ) . Ilycmb M — KOHeHHO-aemoMamnuu npeo6pa3oeameAb c m co- 
cmoHHUHMU, u x G QAV. Tozda eepno CAedywu^ee. 

1) M(x) G QAV. 
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2) Ilycmb M — paeHOMepnuu npeo6pa3oeameAb. Tosda KM(x)( n ) ^ h(h(n)) 3am ecex n, 
dde h(n) = g m (n) — 1 u g(n) = R x (n) + 1. 

3) Ecjiu x agjajenmueno o6o6wfinno nonmu nepuoduuecKan, mo M(x) manatee agjgjeKmue- 
no o6o6w ) enno nonmu nepuodunecKan. 

JleMMa 2.3.3. IJycmb M — paenoMepnuu Koneuno-aemoMamnuu npeo6pa3oeame./ib c m 
cocmoHHUHMU, u x G QAP . Ilycmb v = M(x)[i,j] — exootcdenue CAoea 3auhu n e M(x), 
manoe nmo i ^ h{n), zde h(t) = g m (t) — 1. g(t) = R x (t) + 1. Tosda uaudemcn maxoe r, umo 
j — h(n) ^ r ^ i — 1 u M(x)[r, r + n — 1] = v. 

JJoKa3ameAbcmeo. ByzjeM CHHTaTb CHanajia, hto v = M(x)[i,j] — npocTO jjpcTaTOHHO ^ajie- 
Koe ot Hanajia Bxo>KjjeHiie cjiOBa v b M(x). OSt^hchiim, KaK Hanra hckomog v = M(x)[r, s]. 
Ilpn 3tom mm Sy/ieM JiejiaTb pa3Hbie JTpnyineHHH, KOTopbie iiojimtojkhm h ccpopMyjiiipyeM 
tohho no3flHee. 

HTaK, nycTb v = M(x)[i,j] h u% — x[i,j] — npoo6pa3 v b x. IlycTb npeo6pa30BaTejib 

M nO^XOflHT K n03HU,HH Z, HaXOilflCb B COCT03HHH q\. ECJIH % JIOCTaTOHHO BejIHKO, HaflfleTCH 

BxojK^e h ii e U\ = x[«2,j2] JieBee ho ^ocTaTOHHO 6jiii3ko. Ecjih M noflxo^HT k %2 b 

COCT03HHH Ql, TO M{x) [l2, J2] = V. HHa^e M nOJJXOJIHT K ?2 B KaKOM-TO COCTOSIHIIII ^2 7^ Ql 

(phc.ED. 



Ill 
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Phc. 3. HjiJHOCTpainia k JipKa3aTejibCTBy TeopeMbi 12.3.21 

IIOJIOJKHM U2 = x[i2,j]. EcjIH %2 JIOCTaTOHHO BejIHKO, TO HaHJjeTCa BXOKfleHHe U2 = 

JieBee j], ho /xocTaTOHHO 6jih3ko. Ecjih M iiojtxojiht k i% b coctohhhh qi, to 
M(x)[is, is + n — 1] = v, TaK KaK 112 HanHHaeTca c u±. Ecjih M nojj;xojj;HT k i% b coctohhhh 
q2, to M(x)[is, js] = M(x)[i2, j], h Tor^a M(x)\jz — n+ 1, j 3 ] = v, t&k k&k m 2 3aKaHiHBaeTca 
cjiobom U\. B xyarneM cjiynae M no^xo^HT KI3 b coctosihhh 53, TaKOM hto q^ 7^ q2 h q% 7^ q±. 

Upm 3TOM nOJIO>KHM U3 = x[l3,j] (pHC.31). 



U2 


u 2 




1 l U l 
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Phc. 4. HjunocTpaii,HH k jj,OKa3aTejibCTBy TeopeMbi I2.3.2L 

PaccyjKflaa TaK jjajibine, mm, Bee BpeMH BbiSnpaa xyurnHH cjiynafi, Haiijj;eM TaKHe i 2} . . . , i m +ii 
hto k KaKHM-TO flByM H3 i\ = i, i2, ■ ■ ■ ,i m +i npeo6pa30BaTejib M nojjxo/iHT b ojj;HHaKOBbix 

COCTOHHHHX. TaKHM o6pa30M, CJIOBO V 06a3aTejIbH0 BCTpeTHTCH b M(x)[i m+ i, j — 1]. 
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IlpoaHa.JiH3npyeM Tenepb BbinienpHBejjeHHoe paccyx^eHHe. BHanajie mm HineM Bxox^e- 
hhg U\ = x[i2, j2\. 3to moxho cjjejiaTb, ecjin i ^ Rx(^) — ncxojja H3 onpejjejieHna o6o6in,eH- 
hoh nonTH nepHOJjHHHOCTn, 3to 03HanaeT, hto U\ bxojjht b x 6ecKOHenHO MHoro pa3. Ilpn 
3tom nojiyniiTca (j — 1) — i% + 1 ^ K x ( n ) — stoto jrpcTaTOHHO, htoSm Ha OTpe3Ke x[i%,j — 1] 

HaiHJIOCb BXOJK^eHHe U\. OTCIOfla %2 ^ j — ~Rx( n ) H |«2| = j — 12 + 1 =Ss Rx(n) + 1. 

,Uajiee aHajiornnHO nojrynaeM, hto npn Z2 ^ Rz(Rx(^) + 1) ^ Ra;(|«2|) JjeiicTBHTejibHO 
mojkho HaiiTH BxoK^eHHe m 2 = x[i 3 , j 3 ], npnneM z 3 ^ j — R x (R x (n) + 1) h |m 3 | ^ R a: (R s: (n) + 



IIojiojkhm g = Hx +1. AHajioriiHHO paccy^KJjaa, nojiyniiM, hto npn i m #J g m (n) — 1 mojkho 



fioKaaameAbcmeo meopeMu \2.3.2. IlycTb x G QAV, h Ha X jjeiiCTByeT KOHenHbiii npeo6pa- 
30BaTejib Mem coctohhhhmh. 

1) H3 npejjioaceHHg [2T37T1 cjiejjyeT. hto jrpcTaTOHHO JTOKa3aTb yTBepjK^eHHe TOJibKO jj;jih 
paBHOMepHoro M, t&k k&k Mop(pH3Mbi coxpaHHiOT o6o6meHHyio iiohth nepnojiHHHOCTb. ,Hjia 
paBHOMepHoro M H3 jieMMbi 12.3.31 cjiejjyeT, hto ecjin cjiobo v jjjihhm n bxojjht b M(x) 
6ecKOHenHO mhoto pa3, to oho bxojjht Ha kbjkaom OTpe3Ke jjjihhm g m {n)— 1 b M(x). IloBTOMy 
M(x) o6o6m,eHHO nonTH nepHOJjnHecKaa. 



2) IloKajKeM, KaK HaiiTH oijeHKy CBepxy Ha Km(x)- 06o3HaHHM h(n) = g m (n) — 1, rjje 
g(n) = R x (n) + 1. 



IlycTb cjiobo v jjjihhm n bxojjht b M{x) SecKOHenHO MHoro pa3. Torjja no 1) oho BCTpe- 
thtch Ha jhoSom OTpe3Ke jjjihhm h(n). 

IlycTb Tenepb cjiobo v jjjihhm n bxojjht b M{x) KOHenHoe KOJinnecTBO pa3. /jOKaxceM, 
hto Torjja v He bxojjht b M(x) npaBee no3HHHH h(h(n)). ,HeHCTBHTejibHO, npejjnojio:>KHM, 
hto 9to He TaK. Torjja Ha Ka:>KjjOM OTpe3Ke jjjihhm h(n) cjiOBa M(x)[0, h(h(n)) — 1] HaiijjeTCH 
Bxo>Kjj,eHHe v, Tax KaK no 1) ot Kaxtjjoro TaKoro BxoxcjjeHHfl mojkho HanTH eme ojjho cjieBa 
He jjajibine, HeM Ha paccTOHHHn h{n). Ho v bxojj,ht b M(x) jihhib KOHenHoe KOJinnecTBO 
pa3. IloBTOMy b M(x) Hanjj,eTCfl cjiobo w jj,jinHbi h(n) (rjj,e-TO cnjibHO cnpaBa), KOTopoe 
He cojj;ep>KHT v. Tor/ia BCiofly cjieBa ot Hero Ha jiio6om OTpe3Ke fljiHHbi h(h(n)) Haft/xeTCH 
Bxo>Kjj;eHHe w, 3HanHT, h b M(x) [0, h(h(n)) — 1] TOJKe. npoTHBopenne, TaK KaK Ha jiio6om 
OTpe3Ke fljiHHbi h{n) b M(a?)[0, h(h(n)) — 1] ecTb BxojK/ieHHe v , ho w He co/iepjKHT v h bxojjht 



TaKHM o6pa30M, o6T.ejj,nH5iH nocjiejj,HHe jj,Ba a63ana, nojiynaeivi on,eHKy Rm(x)(^) ^ h{h{n)). 

3) IlycTb Tenepb nocjiejj;oBaTejibHOCTb x scpcpeKTHBHO o6o6m;eHHO noHTH nepno^HHecKaH, 
t. e. x BbiHHCJiHMa h peryjiHTop Hx BbiHHCJiHM. AHajiorHHHO n. 1), JxocTaTOHHO pacciviaT- 
pHBaTb TOJibKO cjiynaii paBHOMepHoro M, TaK KaK Mop(pH3Mbi coxpaHHiOT scpcpeKTHBHyio 
o6o6m,eHHyio nonTH nepHOJXHHHOCTb. 5Icho, hto 3Haa M n yMea BbinncjiflTb x, mm MOJKeM 
BbinncjiflTb M(x). II. 2) no3BOJiaeT TaKJKe BbinncjiaTb on,eHKy CBepxy Ha Rm(x)- 3HannT, 
M(x) 3(p(peKTHBHO o6o6in,eHHO noHTH nepHOJj,nnecKaa. □ 

H3 TeopeMM 12.3.21 cpa3y cjiejyeT, hto o6pa3 npn KOHenHO-aBTOMaTHOM npeo6pa30BaHnn 
3aKjnoHHTejibHO nonTH nepnojj,HnecKon nocjie^OBaTejibHOCTn o6o6m;eHHO nonTH nepHOJj,nneH. 
Ho OKa3MBaeTCH, moxho jj,OKa3aTb Sojiee cnjibHoe yTBep>Kjj,eHHe. 



1) + 1. 




□ 



b M(x)[0,h(h(n)) - 1]. 
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TeopeMa 2.3.4 ( [231, El])- IJycmb M — KOHeHHO-aemoMamnuu npeo6pa,3oeameAb. Tozda 
ecAu x G SAV, mo M(x) G SAV. 

^OKa3aTejibCTBO TeopeMbi 12.3.41 npHBeneHHoe b [23], He scpcpeKTHBHO b cjienyiomeM 
CMbicjie. ,I[onycTHM, mm 3HaeM x G AV h peryjiHTop R x . Torjia no TeopeMe 12.3.41 cyme- 
CTByeT oueHKa CBepxy Ha pr (M(x)), Tax KaK M(x) G SAV, ho ^OKa3aTejibCTBO H3 [23] He 
no3BOJiaeT no HMeioiniiMCH nanHbiM Haft™ HHKaKyio TaKyio oiieHKy scpcpeKTHBHO (n ^ajKe 
no HeKOToporo MOMeHTa He no3BOJinjio HaneHTbcn, hto TaKoii scpcpeKTHBHbift cnoco6 BOoSme 
cymecTByeT) . 

Cjieflyioiniift 3(p(peKTHBHbift BapnaHT TeopeMbi 12.3.41 6biji oSTHBjieH b [46J n jj,OKa3aH 
b |24j. JJjisi nojiHOTbi H3JiOH<eHHH mm npnBO^HM njiaH flOKa3aTejibCTBa. 



TeopeMa 2.3.5 ([24]). Tlycmb M — paenoMepHuu KOHeHHO-aemoMamnuu npeo6pa3oeameAb 
c m cocmoHHUHMU, u x G AV. Tozda M(x) G SAV u 

pr(M(s)) < R™(1) + Rr^l) + " " " + R,(l). 

IlycTb M = (A, B,Q,q, A, /i) — paBHOMepHbin npeo6pa30BaTejib. ^OKa3aTejibCTBO npo- 
xoflHT HH^yKn,Hen no KOJinnecTBy cocTOHHnft npeo6pa30BaTejiH. Bya,eM CHHTaTb 6e3 orpaHH- 
neHHH o6ihhocth, hto B = Q x A n jijih Bcex q G Q, a G A BbinojiHeHO X(q, a) = (q,a). 
^encTBHTejibHO, o6mHft cjiynaft npon3BOJibHoro B n npon3BOJibHoro A nojiynaeTCH H3 pac- 
CMaTpnBaeMoro OTOHcnecTBJieHneM KaKnx-TO nap (g, a) Mencjiy co6oft. 

Ba3a HH^,yKn,nn — oGparaMbift KOHenHO-aBTOMaTHbiH npeo6pa30BaTejib. 

Ha30BeM KOHenHO-aBTOMaTHbin npeo6pa30BaTejib M = (A, B ,Q,q, A, /i) o6pamuMUM, 
ecjin jijih Ka>Kflbix q <E Q m a <E A cymecTByeT pobho o/iho cocTOjrane q' G Q, TaKoe 
hto jj(q', a) = q. ^pyrnivin cjiOBaMH, b TaKOM npeo6pa30BaTejie Kanc/ian 6yKBa Bxo/iHoro 
aji(paBHTa ocymecTBJiaeT B3anMHO onH03HaHHoe OToGpanceHne MHoncecTBa coctohhhh b ce- 
6h. Haxo^HCb b HeKOTopoM coctohhhh h 3Han nocjiejj,OBaTejibHOCTb npejxbijjymHx Bxojj,Hbix 

CHMBOJIOB, MOJKHO BOCCTaHOBHTb H nOCJiejJ,OBaTejIbHOCTb npoftjJ,eHHbIX COCTOHHHH (b 3TOM H 

3aKjnonaeTCH cbohctbo oSpaTHMOcra). 

IIpefljio^ceHHe 2.3.6 ([24]). IJycmb M — o6pamuM,uu paeHOMepnuu KoneHHO-aemoMam- 
huu npeo6pa3oeameAb c m cocmosmuHMU. Tozda ecAu x G AV, mo M(x) G AV. 

,IIoKa3ameAbcmeo. IlycTb v = M(x)[i,j] — BxojK^e h h e cjiOBa v jijihhm n b M(x), h u\ = 
x[i,j] — npoo6pa3 v b x, k KOTopoMy M nojjxojiHT b coctohhhh q\. Torjj,a Haftjj,eTCH bxohc- 
jj,eHne Mi = x[z2, ^2]) TaKoe hto %2 > i, ho j2 ^ i + Kx(n). Ecjih M no^xo^HT k %2 b coctohhhh 
qi, to M(x)[i2, J2] — v. HHane M nonxonnT k %i b KaKOM-TO coctohhhh 52 7^ Qi- 

IIojiojkhm «2 — x[hj2\- HivieeM 1 ^ Hx(n) + 1. Tor^a Han^eTCH BxojKfleHne U2 = 
x[z 3 ,j 3 ], Taxoe hto is > i, ho j 3 ^ i + R x (R x (n) + 1). Ecjih M no^xoflHT k j 3 — n + 1 
b coctohhhh q\ , to M(x)[js — i + 1, j'3] = v, Tax KaK M2 3aKaHHHBaeTCH cjiobom u\. Ecjih 

M nO^XO^HT K J3 — n + 1 B COCTOHHHH q2, TO B CHJiy oSpaTHMOCTH M nOJJ,XOJJ,HT K %2 B 

coctohhhh gi, n Torjja M(a;)[i2,*2 + n — 1] = v, t&k KaK «2 HannHaeTCH c U\. B xyjj;nieM 
cjiynae M noflxoflHT k j 3 — n + 1 b coctohhhh g 3 , TaKOM hto g 3 7^ qi, g 3 7^ g2 (pnc. [5|). 
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Phc. 5. HjijHOCTpainia k ,a,0Ka3aTejibCTBy npeiuio>KeHHa l2~3.6i 



Paccyacjjaa TaK jjajibine, nocTpoHM TaKne . . . ,j m +x, hto xoTa 6m k KaKiiM-TO flByM 
H3 i = j — n + 1 = jx — n + l,j2 — n + 1, . . . , j m +i — n + 1 npeo6pa30BaTejib noflxoflHT b 
o^HHaKOBbix cocTOHHHax. IIpH 3TOM j m +i ^ z + g m (n) — 1, rjj,e # = Kx +1- 

TaKHM o6pa30M, KajK^oe cjiobo ,o,jihhm n, Bxo;iHmee b M(x) 6ecKOHeHHO MHoro pa3, 
bxo^ht Ha jik)6om OTpe3Ke jjjihhm g m {n) — 1. CjieflOBaTejibHO, M(x) G ^4P. □ 

Bh^,ho, hto flOKa3aTejibCTBO npemio:>KeHHa l2~.3.6l oHeHb noxo>Ke Ha ^OKa3aTejibCTBO Teope- 
mm 12.3.21 npHBe^eHHoe Bbiine, TOJibKO paccysmeHHe npoxo^HT He "cnpaBa HajieBo", a "cjieBa 
HanpaBo". 3to bo3mojkho 3a cner o6paTHMOCTH npeo6pa30BaTejia. 

,Hjih HHjryKiiHOHHoro nepexo/ia paccMOTpHM cjiejjyioinyio KOHCTpyKiinio. IlycTb x G A n , 
h chmboji a G A bxojiht b x SecKOHeHHoe KOJinnecTBO pa3. ripoBe^eM pa3pe3 b x nocjie Ka>K- 
jxoro BXKKfleHHa CHMBOJia a. Torjia x pa3pe>KeTca Ha Sjiokh BH^,a ua, r^e u G (A \ {a})*, 
to ecTb Ha cjiOBa, co^epxcamHe pobho ojihh chmboji a Ha nocjie;iHeM MecTe. Ecjih chmboji 
a BCTpenaeTca b x c orpaHHneHHMMH HHTepBajiaMH, to kojihhcctbo BceB03MO)KHMx Taxnx 
6jiokob KOHe^HO (HanpHMep, ecjin x G QAV, to hx jjjihhm He Sojibine R x (l)). 3aKOjjH- 
pyeM ojj;H03HaHHO bth Sjiokh 6yKBaMH HeKOToporo KOHe^Horo ajKpaBHTa, oGosHa^HM stot 
aji(paBHT ba,x(A). TaKHM o6pa30M, mm H3 x nojiynnjiH HOByio nocjie^OBaTejibHOCTb b stom 
aji(paBHTe. IIocjiejipBaTejibHOCTb, nojiyneHHyio H3 Hee OTSpacbmaHHeM nepBoro CHMBOJia, 
Ha30BeM a-pa36ueHueM nocjiejjpBaTejibHOCTH x h o6o3HaHHM s (a;). HanpHMep, 0-pa36neHHe 
nocjie^OBaTejibHOCTH 3200122403100110. . . - sto (0)(12240)(310)(0)(110). . . 

HecjiojKHO JTOKa3aTb, hto ecjin x G AV h chmboji a bxojiht bx, to s a (x) G AV (cm. [24J). 

HHjj;yKii;HOHHbiH nepexojj; b JipKa3aTejibCTBe TeopeMbi 12.3.51 saKJHO^aeTca b cjie/ryiOHieM. 
/JonycTHM, hcxojjhmh npeo6pa30BaTejib He oSpaTHM. Torjia o6pa3 MHO>KecTBa coctoshhh Q 
npeo6pa30BaTejia no,n jjeiicTBHeM KaKOH-TO SyKBbi a BxojjHoro ajKpaBHTa CTporo MeHbine Q. 
PaccMOTpeB Tenepb BMecTO nocjie/TOBaTejibHOCTH ee a-pa36neHHe h, CHHTaa npeo6pa30Ba- 
Tejib onpeflejieHHbiM Ha ajKpaBHTe b a ,x(A), CBe/ieM aajjaHy k caMoll >Ke ce6e, ho c MeHbniHM 
KOJinnecTBOM cocToaHHH b npeo6pa30BaTejie. Ilpn stom, nepexojja ot nocjie/ipBaTejibHOCTH 
x k a-pasSneHHio s a (x), mm OTSpacMBaeM nepBMH chmboji nocjiejjpBaTejibHOCTH Sjiokob, hto 
cooTBeTCTByeT OT6pacbiBaHHio HanajibHoro 6jiOKa jjjihhm He Sojiee R x (l) ot nocjie^OBaTejib- 
hocth x. Cjo;ejiaB TaK HeKOTopoe kojihhcctbo pa3, mm npnxojj;HM k CHTyaiiiin, b KOTopoli k no- 
cjie/TOBaTejibHOCTH npHMeHaeTca oSpaTHMbifi KOHenHO-aBTOMaTHMH npeo6pa30BaTejib (npe- 
o6pa30BaTejib c ojo;hhm cocToaHneM Bcerjja o6paTHM). rioja;po6Hee ja;oKa3aTejibCTBO cm. b |24j. 

ripHMenaTejibHO, hto, TaKHM o6pa30M, mm HMeeM jj,Ba pa3JiHHHbix ^OKa3aTejibCTBa Teo- 
peMbi I2.3.4L 

3aMeTHM, hto, (popMajibHO roBopa, BBe^eHHbie hsmh KjiaccM nocjiejj,OBaTejibHOCTeH — 
3to KJiaccbi nocjiejxoBaTejibHOCTefi Hajj; KOHe^HMM ajKpaBHTOM. O^HaKO Bee Te me caMbie 
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onpeaejieHHa (noaTH nepHO^HaecKoii nocjieapBaTejibHOCTH, o6o6in,eHHO noaTH nepno^HHe- 
ckoh nocjieflOBaTejibHOCTH h t. a,.) hmggt cmmcji paccMaTpHBaTb h aaa 6ecKOHeaHoro ajKpa- 
BHTa. Hanpmviep, KOHTHHyyM pa3JiHHHbix noaTH nepnoaiiaecKHx nocjieapBaTejiBHOCTeii Haa, 

6eCKOHeHHbIM ajKpaBHTOM MOJKHO nOCTpOHTb C nOMOIHbK) KOHCTpyKHHH Ha c. [48] (ohh SyayT 

tohho noHTH nepHoaiiaecKHMH) . Hecjio>KHO nocTpoiiTb h apyrne HeTpHBnaabHbie npniviepbi. 

Ha SecKOHe^HbiH ajicpaBiiT mojkho o6o6miiTb h noHaTne KOHeaHO-aBTOMaTHoro npeo6- 
pa30BaTejia. Ilpn stom He TpeSyeTca HHKaKofi 3(p(peKTHBHOCTH, b aacTHOCTH, (pyHKinin ne- 
pexoapB MoryT 6biTb coBepnieHHO npoH3BOJibHbiMH. Bee pe3yjiBTaTbi HacToamero pa3aejia 
BepHbi h aaa KOHeHHO-aBTOMaTHbix npeo6pa30BaTeaeH Ha nocaeapBaTeabHOCTax Haa, SecKO- 
HenHbiM ajKpaBHTOM (ho 9to, BOoSme roBopa, MOJKeT 6biTb He TaK aaa pe3yjibTaTOB bo Been 
CTaTbe, Hanpniviep, aaa pe3yjibTaTOB o pa3peniHMOCTH pa3aeaa[3]). 

Haea paccMOTpeHHa 6ecKOHeaHoro aacpaBHTa no3BOJiaeT noayanTb hobbih pe3yjibTaT h 
a,aa Kjiacca nocaeapBaTeabHOCTeii Haa, KOHeaHbiM aacpaBHTOM. 

TeopeMa 2.3.7. Ilycmb M — KOHeHHo-aemoMamHuil npeo6pa3oeameAb. Tozda ecAU x G 
Ell, mo M{x) E STL. 

TIjiclh doKa3ameAbcmea. Mm npHBoaiiM tojibko njiaH apKa3aTeabCTBa SToro npeaaoaceHHa, 
noTOMy hto ^OKa3aTejibCTBO caeayeT cxeivie apKa3aTeabCTBa TeopeMbi 12.3.51 h3jiojk6hhoh 
Bbinie, noaTH 6e3 H3MeHeHHH. E^HHCTBeHHoe BajKHoe 3aivieaaHHe — yTBepacaeHne HyacHO 
^OKa3biBaTb Hafl 6ecKOHeaHbiM ajKpaBHTOM, no-npeaoieMy HHayKHiieii no KoanaecTBy co- 
CToaHHH npeo6pa30BaTejia. 

Ba3a HHayKiniH — oSpaTHMbin npeo6pa30BaTejib. Mojkho a,OKa3aTb, aHaaornaHO npea,- 
jiojKeHHio 12.3.61 hto KJiacc peKyppeHTHbix nocaeapBaTeabHOCTeii (aaace h Haa, SecKOHeaHbiM 
ajKpaBHTOM) coxpaHaeTca noa, aeiiCTBHeM o6paTHMbix KOHeaHO-aBTOMaTHbix npeo6pa30Ba- 
Tejien. 

,Haa niara HHayKHiin HyacHO onaTb paccMOTpeTb pa36Hemia, onncaHHbie Bbinie Ha c. 1241 
MoacHO apKa3aTb, aTO a-pa36neHHe peKyppeHTHoii nocaeapBaTeabHOCTH, b KOTopyio BxoaHT 
chmboji a, peKyppeHTHO. OaHaKO, KaK HecjioacHO BHaeTb, pa36neHHe peKyppeHTHoii nocjie- 
aoBaTejibHOCTH Haa, KOHeaHbiM aacpaBHTOM mojkct CTaTb nocaeapBaTeabHOCTbio Haa, SecKO- 
HeaHbiM ajicpaBHTOM , noTOMy hto b peKyppeHTHoii nocaeapBaTeabHOCTH HeT orpaHHaeHHH 
Ha paccToaHne Meacay Bxoaca,eHHHMH 6yKBbi. □ 

B BH/jy TeopeMbi 12.3.71 ecTecTBeHHO cnpocnTb caeayiomee. 

IIpo6jieMa 3. IIpeaaoHCHTb npaBHJibHyio 3(p(peKTHBHyio Bepcnio TeopeMbi 12.3.71 KOTopaa 
no3BOJiHT ynpocTHTb H3BecTHbie h noayanTb HOBbie pe3yjibTaTbi o pa3peniHMOCTH MOHaan- 
aecKHx Teopnii oaHOMecrabix (pyHKnnii (o MOHaanaecKnx Teopnax cm. pa3aea f3 . 1 [) . 

npeflCTaBJiaeTca HHTepecHbiM pa3pa6aTbiBaTb Bee BBeaeHHbie hemh noHHTHa h aaa 6ec- 
KOHeaHoro aacpaBHTa. 

Ilpo6jieMa 4. 1) IlpoBecTH Soaee CHCTeMaTHaecKoe H3yaeHne o6o6in,eHHii iioh3thh h pe- 
3yjibTaTOB, BBeia;eHHbix b HacToameii CTaTbe, Ha SecKOHeaHbiii aacpaBHT. 3aecb MoaceT HMeTb- 
ca b BH^y KaK caeTHbili ajicpaBHT, TaK h aacpaBHT 66jibniHx MomHOCTefi. 
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2) Ha 6ecK0HeHH0M ajicpaBHTe mojkho bbo^htb ,a,onojiHHTejibHyio CTpyKTypy. HanpHMep, 

MOJKHO OTOJK^eCTBHTb ajICpaBHT C MHO>KeCTBOM HaTypajIbHblX HHCejI H BBGCTH nOpfl^OK H 

oaepaipin. To >Ke moxho c^ejiaTb h fljia KOHTHHyajibHoro aji(paBHTa. IIpe,i],CTaBjiaeTca hh- 
TepecHbiM pa3pa6oTaTb cooTBeTCTByiomiie hohhthh h H3yaHTb hx CBOHCTBa. 

B o6ohx cjiyaaax b nepByio oaepeat., b KOHTeKCTe HacToamero o63opa, Hac Moryr HHTe- 
pecoBaTb Bonpocbi pa3peniHMOCTn jiornaecKax Teopaii. O^HaKO moxho oatH,a,aTb h ^pyrne 
HHTepecHbie h jnoSonbiTHbie pe3yjibTaTbi. 

Cjie^ya [47, 48j, 6yneM Ha3biBaTb nocjieflOBaTejibHOCTb x AuneilHO noumu nepuoduue- 
CKoiu, ecjiH OHa noaTa aepno^HaecKaa a hmcgt He Sojiee aeM jiaHeinibiH peryjiaTop aoa™ 
nepao^HaHOCTH, to ecTb R x (n) ^ Cn ^jia HeKOToporo C 6 R, C ^ 1. (Hecjio>KHO BH^eTb, 
hto npn C < 1 nocjieflOBaTejibHOCTefl x c ~Rx(n) ^ Cn ajia Bcex n He cymecTByeT.) 3aivieTHM, 
hto KJiacc jiHHeimo noaTH nepnoflHaecKHx nocjieapBaTejibHOCTeft TaKace coxpaHaeTca npn 
KOHeaHO-aBTOMaTHbix npeo6pa30BaHHax c tohhoctbio ap npe(pHKca. EcTecTBeHHO npn stom 
onpe^ejiHTb KJiacc 3aKAtouumeAbHO Auneuno nonmu nepuodunecKux nocAedoeameAbnocmeu, 
y KOTopbix HeKOTopbiH cy(p(pHKC jiHHefiHO noaTa aepaoaiiaecKaii. 

TeopeMa 2.3.8. Ffycmb M — KOHeuHO-aemoMamnuu npeo6pa3oeameAb c m cocmosmusiMU. 
Tozda ecAU x 3aKAtoHumeAbH0 Auneuno nonmu nepuodunecKan, mo M(x) manatee 3clkak>hu- 
meAbuo AimeuHO nonmu nepuodunecKan. 

fioKdsameAbcmeo. HivieeM M(x) G SAV no TeopeMe I2.3.4L IlycTb R x (n) ^ Cn ^jia Bcex n 
a HeKOToporo C. Toraa no TeopeMe 12.3.21 n. 2) peryjiaTop KM(x)( n ) mo>kho oneHHTb CBepxy 
BejinanHoii g 2m (n), rae g{n) = Cn + 1. TaKHM o6pa30M, Rm(x)(^) ^ C 2m n + C 2m_1 + C 2m_2 + 
• • • + C + 1 , hto 03HaaaeT, aTO M(x) 3aKJiioaHTejibHO jiHHeliHO noaTH nepHoanaecKaa. □ 

IIpo6jieMa 5. MoacHO jih yjiyaninTb oneHKy RM(x)( n ) ^ C 2m n + C ^l' L b TeopeMe 12.3.81 
(cm. TaKJKe npoSjieMbi [6] n [7]) ? 

MnHHMajibHbin npe(pHKC pr(M(x)) b TeopeMe 12.3.81 Taxate MoacHO oireHHTb, c noMombio 
TeopeMbi 12.3.51 

TeopeMa 12.3.21 n. 2) aaeT oneHKy CBepxy nopaaKa R 2m aaa peryjiaTopa BbixoaHoii no- 
cjie^OBaTejibHOCTH M(x) npn npnMeHeHHH paBHOMepHoro npeo6pa30BaTejia Mem cocto- 
mhhhmh k nocjieapBaTejibHOCTH x. Ecjih BocnojiB30BaTbca oSihhm njiaHOM apKa3aTejibCTBa 
TeopeMbi 12.3.51 npnMeHHTejibHO k cjiyaaio o6o6meHHO noaTH nepnoaiiaecKnx nocjieapBaTejib- 
HOCTeii, to, no Been bh^,hmocth, 3Ty oueHKy moxho yjiyaninTb. OaHaKO, k coacaaeHHio, 
KOMnaKTHon (popMyjibi, yap6HOH aaa (popMyjiapoBKH a H3JioaceHHa apKa3aTejibCTBa, HaM 
HafiTH He yaaaocb, nosTOMy nojiHOCTbio btot njiaH aaa o6o6ai;eHHO noaTH nepHoanaecKHx 
nocjieapBaTejiBHOCTen mm 3aecb peajiH30BbiBaTb He SyaeM. 

TeM He MeHee o6o6meHHe KjnoaeBoii aacTH SToro njiaHa — TeopeMbi 12.3.61 — npeacTaBjia- 
eT a caMOCToaTejiBHbin HHTepec. Ha30BeM KOHeaHO-aBTOMaTHbin npeo6pa30BaTejib M nonmu 
o6pamuMUM omnocumeAbHO nocAedoeameAbnocmu x, ecjiH KajK^aa SyKBa a, BCTpeaaioma- 
aca b x 6ecKOHeaHoe KOJinaecTBO pa3, ocymecTBJiaeT B3anMHO o^H03HaaHoe OTo6pa>KeHHe 
Ha MHoacecTBe coctohhhh npeo6pa30BaTejia M. 

6 B [47\ I48j Tclkh6 nocjie^OBaTejibHOCTH Ha3biBaroTCfl jiioieimo peKyppeHTHMMH. 
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IIpe^jio^ceHHe 2.3.9. Uycmt M — nonmu o6pamuMUU ortiHocumejibHO nocAedoeamejib- 
nocmu x paeHOMepnuu KOHeHHO-aemoMamnuu npeo6pa3oeameAb c m cocmoHHUHMU, u x G 
GAP. Tosda M{x) G GAP, npuneM R M (x)(n) ^ g m {n) - 1, zde gin) = R x (n) + 1. 

fioKaaameAbcmeo. IIojiojkhm h{n) = g m (n) — l jj,jiji Bcex n, rjj,e g{n) = R x (n) + 1 jj,jiji Bcex n. 

IlyCTb CJIOBO V ,H,JIHHM 71 BXOJJHT B M{x) , H V = M(x)[i,j] — O^HO H3 TclKHX BXO>KfleHHH 

npii i ^ h{n). 

3aivieTHM, hto Bxo>KfleHHa chmbojiob, BCTpenaioiHHxcH b x KOHenHoe KOJinnecTBO pa3, 
orpaHH^eHbi npecpiiKCOM jj;jihhm Ra;(l), nosTOMy, HannHaa c no3HHHH R x (1), npeo6pa30Ba- 
Tejib M ^encTByeT Ha x KaK oSparaMbiii. Ilpn 3tom i ^ h[n) ^ R x (l). 

^OKajKeM, hto HaiyjeTca bxok^ghhg [r, s] cjiOBa v b M(x) npn i < r ^ i + h{n). 

HTaK, nycTb v = M(x)[i,j), h u\ = x[i,j] — npoo6pa3 v b x, k KOTopoMy M nojjxojjiiT, 
Haxoflacb b coctohhhh q\. Ecjih 6m u\ bxojihjio b x KOHenHoe KOJinnecTBO pa3, to u\ He Morao 
6bi Bxo^HTb b x[t, oo) jijih t ^ Rx( n ) no onpejxejieHHio peryjiHTopa. Ho i ^ R x (n), nosTOMy 
Mi bxojj,ht b x SecKOHenHO MHoro pa3. Tor^a Han^eTCfl Bxo>KfleHHe u± = x[i 2 , Taxoe hto 

?2 > i, HO J2 ^ Z+Ra;(?T<)- EcjIH M nOflXOflHT K j 2 B COCTOJIHHH (ft, TO M (x) [z 2 , J2] = U . IlHane 
M nOjJXOJJHT K %2 B HeKOTOpOM COCTOHHHH 7^ ?1 (b 3TOM CJiyHae TTl ^ 2). 

IIojiojkhm «2 = x[z,j2]. HMeeM |z*2 1 ^ Rx(^) + 1- Torjja, nocKOJibKy i ^ ^ 
Rx(Rx(^) + 1) (npn m ^ 2), m 2 BxoflHT b x, SecKOHenHO MHoro pa3. Ilo3TOMy Hafi^eTCH 
Bxo>KfleHHe U2 = 2^3, J3], TaKoe hto i% > i, ho j'3 ^ % + R x (R x (n) + 1). Ecjih M nojjxojjHT k 

— Tl+ 1 B COCTOHHHH gi , TO M(x)[j3 — j + 1, J3] = V , TaK KaK M2 3aKaHHHBaeTC5I CJIOBOM Mi. 

Ecjih M no^xo^HT k j'3 - n + 1 b coctohhhh g 2 , to b cnjiy o6paTHMOCTH Ha x[i, 00) npeo6- 
pa30BaTejib M hojj;xojj;ht k 12 b coctohhhh gi, h Torjj;a M(x)[z2,^2 + ^ — 1] = f , TaK KaK U2 
HanHHaeTCH c U\. B xy^nieivi cjiynae M nojj;xoflHT k j'3 - n + 1 b HeKOTopoM coctohhhh ^3, 
TaKOM hto g 3 7^ gi h g 3 7^ g 2 (pnc. [5|). 

Paccy>Kjj,a5i TaK jjajibine, HaiifleM TaKne J2, • • • ,jm+i, hto xoth 6m k KaKHM-TO flByM H3 
no3HiniH i = j— n + l,j2 — n + l, j m +i —n + 1 npeo6pa30BaTejib noflxoflHT b o^HHaKOBbix 

COCTOHHHHX. IlpH 3TOM j m +l ^ * + h(jl). 

TaKHM o6pa30M, mm flOKa3ajiH, hto ecjin cjiobo jj;jiHHbi n bxo^ht b M(x)[h(n), 00), to 
oho bxojtht b M(x) SecKOHeHHO mhoto pa3. Ilo jieMMe [2.3.31 Mbi 3HaeM Torjj;a, hto sto cjiobo 
bxojj,ht b Ka>K^biH OTpe30K ^jiHHbi h(n) b M(x). OTCiojj,a M(x) G QAV h R x (n) ^ h(n). □ 

PaccMOTpeB Tenepb pa36neHHe s a (x) nocjie^OBaTejibHOCTH x jj,jih hckotopoh SyKBbi a, 
BXOflHmeli b x SecKOHenHO MHoro pa3, mojkho npoBecTH HHJj;yKii;Hio no KOJinnecTBy coctohhhh 
npeo6pa30BaTejia h, TaKHM o6pa30M, jrpyrnM cnocoSoM jj;oKa3aTb TeopeMy 12.3.21 n. 1). KaK 
y>Ke 6biJio CKa3aHO, b yjj;o6HOH cpopMe on;eHKy Ha peryjiHTop o6pa3a Tnna toh, hto nojiyneHa 
b TeopeMe 12.3.21 n. 2), HaM nojiyHHTb He ya,ajiocb, xoth c noMoni,bio onncaHHoro TOJibKO hto 
no^xo^a, bhjj,hmo, TaKyio oneHKy nojiyHHTb mojkho, KaK MiiHiiMyM jijih HeKOTopbix nacTHbix 
cjiynaeB o6o6m,eHHO noHTH nepno^HHecKHx nocjie^OBaTejibHOCTeH. 

IIpo6jieMa 6. Mojkho jih yjiynniHTb on,eHKy Ha peryjiHTop o6pa3a, nojiyneHHyio b Teo- 
peMe 12.3.21 n. 2)? Mojkho jih sto cjj,ejiaTb xoth 6m b nacTHbix cjiynaax, HanpnMep, jj,jih 
3aKJiK)HHTejibHO noHTH nepHOflHnecKHx nocjieflOBaTejibHOCTen? ^jih nocjieflOBaTejibHOCTen c 
peryjiHTopoM ~Rx(n), pacTymHM JxocTaTOHHO 6biCTpo c poctom n? Cm. TaKace npo6jieMy[5l 



27 



Mbi o6cy>K^,aeM HHXHHe ou,ghkh b pa3aejie 12 .41 

HHTepecHO noHHTb, uto npoH30H,aeT, ecjiH mm HecKOJibKO pacinnpHM Kjiacc paccMaTpn- 
BaeMbix npeo6pa30BaHHH. 

Ilo-BHflHMOMy, npocTefiinHM o6o6m;eHHeM mojkho caHTaTb CTeKOBbin (no-apyroMy, Mara- 
3hhhmh) KOHeHHO-aBTOMaTHbiH npeo6pa30BaTejib, no aHajiornn co CTeKOBbiMn (hjih Mara3HH- 
hmmh) aBTOMaTaMH (pushdown automata), pacno3HaiomHMH KOHTeKCTHO-CBoSoaiibie a3hkh 
(Hanpniviep, cm. [49]). CmeKoeuu KOHeHHO-aemoMamnuu npeo6pa3oeameAb HecbopMajibHO 
mojkho onncaTb KaK KOHeaHO-aBTOMaTHbiii npeo6pa30BaTejib, k KOTopoMy apSaBjieH ctck. 
(CTeK, hjih Mara3HH, — CTpyKTypa aaHHbix, b KOTopofi sjieMeHTbi xpaHHTca b (pHKcnpoBaH- 
hom nopaaKe, n nojib30BaTejib HMeeT apcTyn k nocjieaHeMy ap6aBJieHHOMy sjieMeHTy, npo 
KOTopbin roBopaT, hto oh HaxoanTca b rojiOBe CTeKa.) Ha KaacapM mare caeayiomee cocToa- 
Hne npeo6pa30BaTejia h bbixo^hoh chmboji onpeaeaaiOTca TeKymiiM cocToaHHeM, chmbojiom 

BXOaHOH nOCJie^OBaTejIBHOCTH H CHMBOJIOM B rOJIOBe CTGKa. KpOMe TOrO, Ha Ka>KJJ,OM nia- 

re npeo6pa30BaTejib apjiaceH peninTb, hto aeaaTb co ctckom: ap6aBHTb chmboji, yaaanTb 

CHMBOJI HJIH OCTaBHTb CTCK 6e3 H3MCHeHHH. 

KaK h cjieapBaao oacnaaTb, CTeKOBbie KOHeaHO-aBTOMaTHbie npeo6pa30BaTejiH He coxpa- 

HHIOT CBOHCTBO o6o6meHHOH nOHTH nepHO^HHHOCTH. 

IIpe^jio^ceHHe 2.3.10 ([24]). Cyv^ecmeytom cmeKoeuu KOHeHHO-aemoMamnuu npeo6pa30- 
eamejib u o6o6wfiHHO nonmu nepuoduuecnaH nocjiedoeamejibHocmb, Komopan nod deucmeu- 
eM amozo npeo6pa3oeameAM nepexodum e nocAedoeameAbnocmb, ne neAHiou^ymcsi o6o6uifiH- 
ho nonmu nepuodunecKou. 

JJoKa3ameAbcmeo. Ho npeajioaceHHio 12.1.21 cymecTByeT noaTH nepHoaiiaecKaa nocjieapBa- 
TejibHOCTb b ajicbaBHTe B, oGjiaaaiomaa cjieayiomHM cbohctbom: ajia jnoSoro n G N Haii- 
aeTca TaKofi ee npecbnKC, b kotopom Hyjieft Ha n Sojibine, aeM eaHHHii, a TaKace HaftaeTca 
TaKofl npecbnKC, b kotopom eflHHHH, Ha n 6ojibuie, aeM Hyjiefl. IlpHMeHHM k stoh nocae- 
jj;oBaTejibHOCTH caeayioiirHH CTeKOBbifl KOHenHO-aBTOMaTHbin npeo6pa30BaTejib. Y Hero aBa 
peacHMa, a (HaaajibHbra) h b. B pe>KHMe a oh aeiicTByeT Tax: yBHaeB b nocjieapBaTejibHOCTH 
chmboji 0, oh KjiaaeT ero b CTeK, a yBHaeB 1, ySnpaeT H3 CTexa. Koraa CTeK onycToniaeT- 
ca (hto cooTBeTCTByeT HaaaabHOMy OTpe3Ky nocaeapBaTeabHOCTH c paBHbiM KoanaecTBOM 
n 1), npeo6pa30BaTejib nepeKjnoaaeTca b peacHM b. B peaome b npeo6pa30BaTejib aeftCTByeT 
npoTHBonojiojKHbiM o6pa30M: npn Bxoae 1 KaaaeT 1 b ctck, npn Bxoae ySnpaeT 1 H3 CTe- 
Ka, npn onycTonieHHH CTexa nepeKjnouaeTca b pe>KHM a. B BbixoaHyio nocaeapBaTeabHOCTb 
npeo6pa30BaTejib noaaeT Bceraa HOMep CBoero peaaiMa. Bnaiio Toraa, hto b BbixoaHoii no- 
cjie^OBaTejibHOCTH Haiyryrca CKOJib yroaHO aaHHHbie OTpe3KH noapaa, naymnx a, h 3HauHT, 
OHa He HBJiaeTca o6o6meHHO noaTH nepHoanaecKOH. □ 

2.4. O npoH3Be^eHHH nocjie/jOBaTejibHOCTeii h o iiohth nepHOflHHHO- 
cth npn npoeKi^HH 

Pe3yjibTaTbi SToro pa3aeaa aaiOT jno6onbiTHbie npnMepbi noaTH nepHoaiiaecKHx nocjie^OBa- 
TejibHOCTen, nojj;TBepa<jj;aioni;He, hto CBOHCTBa noaTH nepHO^HaecKHx nocjie^OBaTejibHOCTeH 
MoryT 6biTb oaeHb pa3HOo6pa3HbiMH. 
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Ha nocjie^OBaTejibHOCTHx mojkho onpe^ejiHTb onepaipiio x , KOTopyio mm 6ya,eM Ha- 
3bmaTb npou3eedenueM. /Jjia x G A n , y G B n onpe^ejiHM x x y G (Ax B) N , t&k hto 
(x x y)(i) = (x(i),y(i)} . AHajioriiHHO mojkho onpe^ejiHTb npoii3Be,i],eHiie npoH3BOJibHoro 
KOJinnecTBa nocjieflOBaTejibHOCTefi. 

KaK HecjiojKHO BH^eTb, ecjin nocneflOBaTejibHOCTb y nepiio,n;iiHecKaa c nepno^OM m, to 
xxy mojkho nojiy^HTb KaK pe3yjibTaT paBHOMepHoro KOHenHO-aBTOMaTHoro npeo6pa30BaHiia 
nocjieflOBaTejibHOCTH x npeo6pa30BaTejieM c m coctoshhhmh. TaKoii npeo6pa30BaTejib mm 
Sy^eM Ha3biBaTb i^ukauhcckum. 

OTCio^a nojiynaeM TaKoe cjie^CTBne 113 npemioaceHiia [2T3761 

Cjie^CTBHe 2.4.1. Ecjiu x G AV u y EV, mo x x y G AV . 

Cjie^yiomHH pe3yjibTaT (TeopeMa 12.4.21) mojkho CHHTaTb HHJKHefi oueHKoii ,n;jia n. 2) 
TeopeMbi I2.3.2L B TeopeMe 12.3.21 n. 2) ,a,aeTca BepxHaa oueHKa Ha peryjiaTop iiohtii ne- 
Piio^iihhoctii o6pa3a o6o6iu,eHHO noHTii nepHO^HHecKofi nocjie^OBaTejiBHOCTii npii kohchho- 
aBTOMaTHOM npeo6pa30BaHHH. Ecjih ncxo^Haa nocjie^OBaTejibHOCTb x HMeeT peryjiaTop R x , 
ii aBTOMaT HMeeT m cocto3hiih, to peryjiaTop o6pa3a mojkho oueHiiTb CBepxy BejiiiHimoii no- 
pa^Ka R^ m (r^;e BepxHiiii iiH^eKC m, KaK ii b pa3^iejie 12.31 noHiiMaeTca b CMbicjie KOMno3imiM 
(pyHKn,HH, a He b CMbicjie B03Be^eHHa b CTeneHb). TeopeMa 12.4.21 noKa3biBaeT. hto R&me fljia 
npocTenniero THna KOHeHHO-aBTOMaTHbix npeo6pa30BaHHH, ocymecTBjiaeMbix ipiKjiiiHecKii- 
mii npeo6pa30BaTejiaMH, 3Ty oueHKy Ha peryjiaTop o6pa3a Hejib3a cymecTBeHHO yjiynniHTb. 

06o3HaMHM nepe3 C m nocjieflOBaTejibHOCTb 01 ... (m — 1)01 . . . (m — 1)01 . . . b ajicpaBiiTe 
H3 m chmbojiob 0, 1, . . . , m — 1. Mm nHHieM / ^ g fljia (pyHKiniH /, g, ecjin f(x) ^ g(x) fljia 
BcaKoro apryivieHTa x. 

TeopeMa 2.4.2 ( |50l I51| ). /Jam Kaomdoso m ^ 12 cymecmeyem 6ecKOHeuHO mhoso nocAedo- 
eameAbHocmeu x G AV, manux umo ~R x xC m ^ Re 4 ^ 3 . 

KaK CKa3aHO Bbinie, no-,apyroMy TeopeMy 12.4.21 moxho ccpopMyjinpoBaTb KaK hh>khioio 
oueiiKy Ha peryjiaTop noHTH nepno^HHHOCTH o6pa3a nocjie^OBaTejibHOCTH x no,n; fleiiCTBiieM 
iniKJiiinecKoro KOHeHHO-aBTOMaTHoro npeo6pa30BaTejia. C noMombio npocToii MO,nH(pHKaHHH 
BToro npeo6pa30BaTejia mo>kho b KanecTBe cjie^CTBiia H3 TeopeMbi 12.4.21 nojiyHHTb hh>khioio 
on,eHKy Ha MiiHiiMajibHMH npecpHKC ^Jia TeopeMbi 12.3.51 b kotopoh ^aeTca cooTBeTCTByiomaa 
BepxHaa oueHKa. IloflpoSHee cm. |51j . 

Mojkho ccpopMyjinpoBaTb cjie^yiomyio rnnoTe3y o HiiacHeft oueHKe b TeopeMe 12.3.81 

rnnoTe3a 7. B o6o3HaHeHunx meopeMu \2.3.8L mochcho au nocmpoumb npuMep nocAedoea- 
meAbHocmu u npeo6pa3oeameAfi (cepuu nocAedoeameAbHocmeu u npeo6pa3oeameAeu), 3ah 
Komopux eunoAHena humchhh oi^eHKa muna Rm(x)(^) > C am n 3ah Henomoposo a? 

B KanecTBe eciecTBeHHoro npo^ojiaceHHa 3toh TeMbi, mojkho 3a^aTbca cjieflyiomiiM He 
oneHb CpOpMajIbHblM BonpocoM. 

Ilpo6jieMa 8. riycTb x, y G AV. Hto Tor^a mo>kho CKa3aTb npo xxy? 
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Ilpo6jieMy mo5kho nepecpopMyjinpoBaTb KaK Bonpoc o CBoiicTBax ^eKapTOBa npoii3Be- 
,a,eHHa flByx ahhcimhisckhx cucTeM — cm. TeopeMy II. 0.11 h oScyat^eHiie BOKpyr Hee. 

CjieflyiomHH pe3yjiBTaT noKa3BiBaeT, hto Hiinero npocToro b KanecTBe OTBeTa Ha npo6jie- 
My [8] CKa3aTb He y/iacTca. 

Teopeivia 2.4.3 ([52]). J^ah Kawcdoso us Mnowcecme M. = AV, EAV \ AV, QAV \ EAV , 

B N \ QAV momcho nocmpoumb nocAedoeameAbnocmu x, y G AV, manue nmo x x y G A4. 

TaKHM o6pa30M, npoGjieiviy [8] mojkho HeMHoro yTOHHHTb h KOHKpeTH3npoBaTb. 

IIpo6jieMa 9. 1) IlycTb x,y G AV. CymecTByeT Jih KaKofl-TO KpiiTepiift jijih onpe/xejieHiia, 
BepHO jih, hto x x y G QAV? Hto x x y G AP? 

2) Mcokho jih, KaK-TO orpaHiiniiB x, y h paccMOTpeB cneiniajibHbie cjiynaii iiohtii nepno/xii- 
necKHx nocjie^OBaTejibHOCTeH, KaK-TO oxapaKTepn30BaTb x x y? 

3) ,Hjifl pe3yjibTaTOB Tnna HMeioiinixcfl b Bii^y b npe^bi^ymeM nyHKTe, mco-kho jih jj,aTb 
on,eHKy CBepxy Ha peryjiHTop noHTH nepiio^HHHOCTH npoH3BefleHHH, 3Haa ohchkh CBepxy Ha 
peryjiHTopbi noHTH nepiiojjiiHHOCTii KOMnoHeHT npoii3Be;j;eHii5i? Ohchkii TaKoro Tnna MoryT 
no3BOJiHTb nojiyHHTb HOBbie pe3yjibTaTbi o pa3peniHMOCTH JioriinecKirx Teopiiii (cm. pa3- 
^eji[3]). 

IlpHMepaMH pe3yjibraTOB Toro Tnna, KOTopbie npefljiaraeTca HaftTii b n. 2 Bonpoca [9l 
HBjiaioTCfl cjiejj,CTBne 12.4.11 h TeopeMa 12.4.71 PaccMOTpnM mhojkcctbo PP nocjiejj,OBaTejibHO- 
CTen x, fljia KOTopbix BepHO c Jie jj,y romee : npoH3Bejj,eHHe x c jiio6oh noHTii nepHOJj,HHecKOH no- 
cjiejj,OBaTejibHOCTbio noHTii nepiio;xiiHHO. HanpiiMep, cjieiiCTBiie 12.4.11 yTBepatiiaeT. hto mho- 
jxecTBy PP npHHajj;jie:>KaT Bee nepHOfliraecKiie nocjie/jOBaTejibHOCTii. 5Icho, hto PP C AV. 
B [53l 154] Jo;oKa3aHa fljia pa3HOo6pa3Hbix nocjieflOBaTejibHOCTefi hx npiiHa/iJieacHOCTb mho- 
>KecTBy PP, a hmchho: ^jih flocTaTOHHO nrapoKoro Kjiacca hhcto MopcpHiecKiix nocjie^OBa- 
TejibHOCTeii, b nacTHOCTii, ^jih nocjie^OBaTejibHOCTii Tya — Mopca; jijih nocjiejJOBaTejibHO- 
CTefi TenjiHHa h hx o6o6meHHH; RJW flOCTaTOHHO ninpoKoro Kjiacca nocjieflOBaTejibHOCTeH 
IIlTypMa h hx o6o6m;eHHH. ^jih Bcex sthx pe3yjibTaTOB, 6e3ycjiOBHO, HHTepecHO TaKJKe ot- 
BeTHTb h Ha Bonpoc Tnna n. 3 Bonpoca [9l to ecTb nojiyniiTb oueHKy Ha peryjiaTop iiohtii 
nepHO^HHHOCTH npoH3Bejj,eHHH, 3Haa peryjiaTopbi noHTH nepnojxiiHHOCTii hcxo^hmx nocjie- 
jj,OBaTejibHOCTeH. 

B HeKOTopoM CMbicjie o6o6in,eHiieM ojj,Horo 113 yTBep>Kjj,eHHH TeopeMbi 12.4.31 aBjiaiOTca 
cjie/xyioiinie Tpn pe3yjibraTa, jj;oKa3aHHbie 3bho b [10], ho no cyinecTBy nojiyneHHbie b [45j. 

TeopeMa 2.4.4 ([45l ID]). J^am ak)6ozo m G N cymficmeywm m + 1 deounnux nocAedoea- 
meAbnocmeu, maKux nmo npouseedenue ak>6ux m U3 hux neAHemcn agjtfieKmueno nonmu 
nepuodunecKou nocAedoeameAbnocmbw, a npouseedenue ecex m nocAedoeameAbnocmeu He 
HGAHemcH nonmu nepuoduuecKUM. 

TeopeMa 2.4.5 ( [45l [TO]). JJ,ah ak>6o20 m G N cyv^ecmeywm m + 1 deounnux nocAedoea- 
meAbHocmeu, manux nmo npouseedenue ak>6ux m U3 hux HeAHemcn atptpeKmueno noumu 
nepuodunecnou nocAedoeameAbnoembw , a npou3eedenue ecex m nocAedoeameAbnocmeu sie- 
Attemctt nonmu nepuodunecKou nocAedoeameAbnocmbto, no ne neAttemca acfjcfieKmueno no- 
nmu nepuodunecKou. 
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Mop(J)H3M h: A* — > B* Ha30BeM npoeKi^ueu, ecjiH ,ajia jiioSoh SyKBbi a G A BbinojiHeHO 
\h(a)\ = 1, h npH 3tom \A\ > \B\. 

TeopeMa 2.4.6 ([45l [10]). JJaa ak>6oso m G N cym,ecmeyem euHucJiuMan nocAedoeameAb- 
Hocmb x: N — > {1, . . . , m}, manan nmo 3am ak>6ou npoeKV,uu h nocAedoeameAbnocmb h(x) 
noumu nepuodunna c guhucaumou eepxneu ouphkou na pezyAnmop nonmu nepuoduHuocmu. 
IIocAedoeameAbHocmb x Mowcem 6umb nocmpoena ydoeAemeopntou^eu odnojuy U3 CAedyto- 
mux ycAoeuu: 

1) x ne HGAHemcH nonmu nepuodunecKou; 

2) x HGAHemcH noumu nepuoduuecKou nocAedoeameAbHocmbto, ho ne HOAHemcn atfxfieK- 
muoHO nonmu nepuodunecKou. 

B cjie^yiomeii TeopeMe jj,OKa3biBaeTca, aTO Kjiacc tohho noaTH nepno^HaecKHx nocjie^o- 
BaTejiBHOCTeii 3aMKHyT OTHOCHTejibHO onepainiH yMHoateHHa Ha nepHO,a,HaecKyio nocjie^o- 

BaTejIbHOCTb. 

TeopeMa 2.4.7. Ecau x G VAV uy eV, mo x x y G VAV. 

/(oKa3ameAbcmeo. By^eivi CHHTaTb, hto y = 01 ... (m — 1)01 . . . (m — 1)01 . . . , r/xe m - 
nepnojj; y. Cjiyaaii npoii3BOJibHoro y G V nojiyaaeTca H3 SToro KO/iHpoBaHHeM, KOTopoe, 
oaeBH^HO, coxpaHaeT VAV . B btom jj,OKa3aTejibCTBe jj,Jia KpaTKOCTH bmgcto u x [i, i + \u\ — 1] 
6ya,eM nncaTb u x [z, ■]. 

IlycTb u bxo/iht b x, h A = {i : ^ % ^ m, u x [j, •] bxojjht b z fljia HeKOToporo j = i 
(mod m)}. IlycTb v x [a,-] — TaKoe no,n;cjiOBO z, KOTopoe fljia KajK^oro i G A co/xepjKHT 
Bxo>KfleHHe u x [j,-] fljia HeKOToporo j = i (mod m). Cjiobo v bxo/iht b x, nosTOMy fljia 
HeKOTopbix b, d HMeeM x [b + dt, b + dt + \v\ — 1] = v jj,Jia Kaat^oro i G N. Hcho npa btom, 
hto B = {i : ^ % ^ m, w x [j, ■] bxojiht b v x [b, •] ^jia HeKOToporo j = i (mod m)} = A. 
^eficTBHTejibHO, no onpe/xejieHHio A HMeeM B <Z A, no B = {(i + b — a) mod m : i E A}. 
3HaaHT, j^B = #A, OTKyjja B = A. 

TaKHM o6pa30M, ecjin u x [s, ■) bxojjht b z, to jj;jih HeKOToporo p = s (mod m) HMeeM 
BxojK^eHHe u x [p, •] b t> x [6, •]. IlosTOMy w x [p + tdm, •] bxo^ht b z flJia Ka>K^oro t G N. 
Cjie^oBaTejibHo, z G VAV. □ 

B cbh3h c TeopeMOH 12.4.71 B03HHKaeT cjieflyiomHH Bonpoc. 

IIpo6jieMa 10. 1) BepHO jih, hto KJiacc tohho noam nepHO^HaecKHx nocjieflOBaTejibHOCTen 
3aMKHyT OTHOCHTejibHO KOHeHHO-aBTOMaTHbix npeo6pa30BaHHH? 

2) Ecjih OTBeT Ha npeflbijjyiiniH Bonpoc nojiojKHTejibHbin, to mojkho jih sto jj;oKa3aTb b 
KaKOM-HnSyijb CMbicjie sdpdpeKTHBHO h nojiyaHTb 6ojiee npocTOH KpnTepHH pa3peniHMOCTH 
MOHa^HaecKoii Teopnn ToaHO noaTH nepno^HaecKOH nocjiejj,OBaTejibHOCTH (cm. pa3Jj,eji [3])? 
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3. JlorHKa noHTH nepHO^HMecKHx nocjie^OBaTejibHOCTen 



3.1. JlorHHecKne TeopnH 

PaccMOTpHM cjiejjyioinHe npocTbie Bonpocbi o nocjie^OBaTejiBHOCTn x: bxo^ht jih b x chmboji 
a? Bxoiiht jih cjiobo u? Bxojj;ht jih cjiobo u 6ecKOHenHO MHoro pa3? Mojkho ccpopMyjinpo- 
BaTb h 6ojiee cjio>KHbie Bonpocbi npo nocjie/xpBaTejibHOCTb. Kor/ia Ha TaKne Bonpocbi mojkho 
OTBe^aTb ajiropHTMH^iecKH, nojiynan Ha bxo,h, nocjieflOBaTejibHOCTb? 

Pa3JiHHHbie, b tom nncjie h nepenncjieHHbie TOJibKO hto, CBOHCTBa SecKOHenHbix nocjie- 
flOBaTejibHOCTen MoryT 6biTb Bbipa>KeHbi b AoeunecKou meopuu nepeoso nopndna. Ilcm TaKon 
Teopnen jjjih nocjiejj;oBaTejibHOCTH x G A N mm 6yu;eM noHHMaTb cjiejryioinee. <DopMajibHO, b 
KanecTBe CTpyKTypbi bosbmSm (N, S, <,X), rjj;e N — mhojkgctbo HaTypajibHbix nnceji, koto- 
poe npoSeraiOT HHiiHBHJTHbie nepeMeHHbie, S — jjByxMecTHbift npejjriKaT cjieflOBaHiia, < — 
^ByxMecTHbiH npejj,iiKaT nopa^Ka Ha HaTypajibHbix nncjiax, X — (pyHKHHOHajibHbin chm- 
boji, HHTepnpeTHpyeMbiii KaK nocjiejj,OBaTejibHOCTb x: N — > A. B KanecTBe TeopiiH 6epeM 
o6biHHyio Teopiiio nepBoro nopa/iKa, HCTiiHHOCTb (popMyji HHTepnpeTHpyeM ecTecTBeHHbiM 
o6pa30M. Bo Bcex paccMaTpHBaeMbix HaMii Teopnax mm nojj;pa3yMeBaeM Hajiiiniie jjByxMecT- 
Horo npe^HKaTa paBeHCTBa, HHTepnpeTHpyeMoro ecTecTBeHHbiM o6pa30M. 

5Icho, hto y TaKOH peajiii3an,iiH ecTb MHoro BapiiaHTOB, SKBHBajieHTHbix Me^K/xy coSofi 
no Bbipa3HTejibHMM chocoShocthm. HanpiiMep, mojkho 6mjio bmccto jjByxMecTHoro npe^H- 
KaTa cjieflOBaHHa b3htb b CTpyKTypy oflHOMecTHyio (pyHKHTiio cjie^OBaHna. Mojkho 6mjio 
h He 6paTb npejj;HKaT cjiejj;oBaHHa BOoSme, noTOMy hto oh Bbipa3HM nepe3 HepaBeHCTBO. 
Tohho TaK me bmccto ojthoh (pyHKiTHH X mojkho Smjio b3htb ceMeiicTBO npejriiKaTOB X a 
no oflHOMy jj,jia Ka>K^oro a G A, hcthhhmx pobho TaM, rjj,e b x ctoht SyKBa a. Mojkho 
o6ohthcb n MeHbniHM — jiorapncpMHHecKHM no OTHonieHHio k pa3Mepy ajicpaBHTa nocjie^o- 
BaTejibHOCTn — KOJinnecTBOM npejjHKaTOB. KpoMe Toro, nocKOJibKy KOHCTaHTa Bbipa3HMa 
b onpeflejieHHofl Bbinie CTpyKType, hcho, hto mojkho 6mjio, He MeHaa MHoacecTBO Bbipa- 
3hmmx (popMyji, jj;o6aBHTb b CTpyKTypy Bee KOHCTaHTM. MacTO mm 6yn;eM nepexoflHTb ot 
o,h,hoh KOHKpeTHon peajiH3aii,HH k jjpyron, ecjin noHaflo6nTca, npn 3tom neTKO (pnKcnpya, 
Kaxaa hmshho peajin3an,Ha Teopnn paccMaTpnBaeTca, Kor^a bto Ba>KHO, KaK, HanpnMep, b 
TeopeMe 13.1.11 

Teopnio, onpejj;ejieHHyio Bbinie, 6yu;eM o6o3HanaTb T(N, <,x). 

HecjiojKHO BH/xeTb, hto npocTbie CBOHCTBa nocjiejj;oBaTejibHOCTH x, THna ynoMSHyTbix b 
Hanajie pa3;xejia, mojkho Bbipa3HTb b TeopnH T(N, <,x). HanpnMep, cpopMyjia Vp3g3rg > 
pAS(q, r)AX(q) = OAX(r) = 1 03HanaeT cbohctbo Bxo>Kjj,eHHfl b x SecKOHenHoe KOJinnecTBO 
pa3 cjiOBa 01. TeM He MeHee, HeKOTopbie npocTO (popMyjinpyeMbie CBoncTBa, KOTopbie, bo3- 
mojkho, xoTejiocb 6m Bbipa3HTb, b Teopnn nepBoro nopaiiKa Bbipa3HTb Hejib3H, HanpnMep, 
"cjiobo b aji(paBHTe {a, b}, b kotopom Me^Kjry jiio6mmh nocjiejxpBaTejibHMMH BxojK/xeHHHMH b 
(tskhmh, Me>KJjy kotopmmh HeT iipyrnx Bxo>KJj;eHHH b) bxojjht HeneTHoe KOJinnecTBO 6yKB a". 

ropa3^o Sojibnie mojkho Bbipa3HTb b 6ojiee chjibhoh MonaduuecKou meopuu emoposo no- 
pndKa. B TaKon Teopnn, KpoMe oSbinHbix nepeMeHHbix no HaTypajibHMM nncjiaM p,q, . . . , 
pa3penieHM TaKJKe MOHajjiinecKHe nepeMeHHbie no MHOJKecTBaM (hjih no ojTHOMecTHMM npe- 
jj;HKaTaM) P,Q, . . . . Bbojihtch TaKJKe cooTBeTCTByiomne aTOMapHbie (popMyjibi BH/ia P(p),Q(p), . . . , 
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o6o3HaHaioiu,He "p npHHa^jie>KHT P", u p npnHa^,jie>KHT Q". . . Pa3pemeHbi TaK>Ke KBaHTopbi 
no MOHa^HnecKHM nepeMeHHbiM. TaKyio TeopHio mm 6ya,eM o6o3HanaTb MT(N, <,x). 

TeopHH, aHajiorH^Hbie BbiinenepeHHCJieHHMM, ho He pacnrapeHHbie nocjie^OBaTejibHO- 
CTbio, 6yfleM o6o3HanaTb cooTBeTCTBeHHO T(N, <), MT(N, <). 

Teopna MT(N, <,x) 6orane Teopnn T(N, <,x). Hanpniviep, ynoMHHyToe Bbinie He bm- 
pa3HMoe b TeopHH nepBoro nopa^Ka cbohctbo b MOHaflnnecKon TeopHH BbipancaeTCfl Tax: 
VpVq(X(p) A X(q) A p < q A Vr(p < r A r < q -> -.I(r)) -> 3Y(ViNv(S(u, u) -> (Y(u) «-> 

r(«)))Ay(p)Ay( g ))). 

KaK h b cjiynae c TeopnaMH nepBoro nopaflKa, b onncaHHOH (popMajiH3aHHH MOHa^H- 
HecKoii TeopHH MHoroe mojkho peajiH30BaTb no-^pyroMy. Hanpniviep, mojkho OTKa3aTbca ot 
HepaBeHCTBa, noTOMy hto b MOHa,THHecKOH TeopHH oho Bbipa3HMO aepe3 cjie^OBaHne. KaK 
h b cjiyaae TeopHH nepBoro nopa^Ka, aacTO mm 6yo,eM nepexo^HTb ot o^hoh peajiH3an,HH k 
flpyroii fljiH ya,o6cTBa. 

J\jir (popiviyjibi b jiio6om H3 BbiineonHcaHHbix h3mkob 6yu;eM o6o3HanaTb aepe3 L{(f>) 
MHOJKecTBO Bcex nocjieflOBaTejibHOCTen x, fljia kotopmx 3Ta (popiviyjia BepHa (to ecTb Bep- 
Ha, ecjiH HHTepnpeTHpoBaTb Bxoflamyio b Hee eflHHCTBeHHyio CBoSoflHyio nepeivieHHyio no 
(pyHKn,HHM X KaK x) . 

EcTecTBeHHbiM (h ocHOBHbiM rjir Hac) BonpocoM o jiioSoh Teopnn HBjiaeTca Bonpoc o 
ee pa3peniHMOCTH. Teopna pa3peumMa, ecjin cymecTByeT ajiropHTM, KOTopbifi no jiioSoh 
3aMKHyTon (popiviyjie onpeflejiaeT ee HCTHHHOCTb. 

CjieflyioiHHH pe3yjibTaT o Teopnax nepBoro nopa^Ka 6biJi nojiyaeH b [19j. 

Teopnio T'(N, <,x) (He3HannTejibHyio MO^HcpHKainiio Teopnn T(N, <,x)) onpe^ejiHM 
cjie^yronniM o6pa30M. IlycTb P — cncTeivia npe^HKaTOB, 3a^,aioiii;aH nocjie^OBaTejibHOCTb x. 
TepMaMH Teopnn 6ya,yT Bbipa:>KeHHH Bn^a c, x + c, r^e c G Z, x — nepeMeHHaa. ATOMap- 
hmmh (popiviyjiaMH Teopnn SynyT BbipaaceHna r < r' , r > r' , p(t), r,ne p — npe^HKaT H3 
CHCTeMbi P, r, t' — TepMbi. HecMOTpa Ha to, hto 3HaaeHHa TepMOB MoryT He jiejKaTb b N, 
OTHonieHHH, 3aflaBaeMbie aTOMapHbiMH (popMyjiaMn, Bcio^y onpe^ejieHbi Ha N. 

Mm roBopnM, hto Teopna 6ecKeaHmopHasi, ecjin ^jih Ka>K^,on (popMyjibi Teopnn HaH^eTca 
SKBHBajieHTHaa en SecKBaHTopHaa. 

TeopeMa 3.1.1 ([E]). 1) Ecjiu meopun T'(N, <,x) 6ecKeaHmopHaH, mo x G QAV. 

2) Ilycmb x G QAV. Tosda meopun T'(N, <, x) 6ecKeaHmopHaH, npun&M ona pa3peuiUMa, 
ecjiu u moAbKO ecjiu x agj^enmueHO o6o6tu ) eHHo nonmu nepuoduuna. 

OSpaTHMca Tenepb k MOHa^nnecKHM Teopnaivi. 

0Ka3biBaeTca, hto 6jiaro^,apa npnivieHeHHio Teopnn aBTOMaTOB ^jih ^ocTaTOHHO ninpo- 
khx KJiaccoB nocjieflOBaTejibHOCTefl mojkho nojiyaHTb KpnTepnii pa3peninMOCTH hx MOHaflH- 
aecKHx TeopnH. 

Ha30BeM (HefleTepMHHHpoBaHHbiivi) aemoMamoM Etoxu coBOKynHOCTb M = (A, Q, q, A, F), 
r^e A — BxoflHon ajicpaBHT, Q — MHOJKecTBO coctohhhh, q G Q — HanajibHoe cocTOHHne, 
A C QxAxQ — MHoa<ecTBO nepexoflOB, F C Q — MHO>KecTBO 3aKjnonnTejibHbix coctohhhh. 
Xo^om aBTOMaTa M Ha nocjieflOBaTejibHOCTH x = x(0)x(l)x(2) . . . Ha3biBaeTca TaKaa nocjie- 

^OBaTejIbHOCTb COCTOHHHH p = p(0)p(l)p(2) . . . , HTO p(0) = (J H (p(l) , x(l) , p{% + 1)) G A flJIH 
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jiioSoro i. Mbi roBopHM, hto eibtomcit M npuHUMaem x, ecjiH cymecTByeT xoTa 6bi o,thh xoa, p 
aBTOMaTa M Ha x, ajia KOToporo xoTa 6bi o,tho cocT05mne, BCTpeaaiomeeca b p SecKOHeaHoe 
KOJiHnecTBO pa3, bxohht b MHO>KecTBO 3aKjnoaHTejiBHbix cocToaHHH F. Onpeaejiaa demep- 
MUHupoeaHHUu aemoMam Ewxu, mhokcctbo nepexoapB A C Q x A x Q mojkho 3aivieHHTb 
Ha (pyHKHino nepexoapB 5: Q x A — > Q (c ecTecTBeHHbiMH H3MeHeHHHMH ajia onpeaejieHna 
xoaa aBTOMaTa). 

Ectb HeMHoro apyroii BapnaHT noHaTHa aBTOMaTa Ha nocjieapBaTejiBHOCTH. Ha30BeM 
(He^eTepMHHHpoBaHHbiM) aemoMamoM MwAAepa coBOKynHOCTb M = (A,Q,q,A,J-), rae 
A — bxojihoh ajicpaBHT, Q — MHOJKecTBO cocToaHHH, q G Q — HaaajibHoe cocToaHne, 
A C Q x A x Q — MHOJKecTBO nepexoapB, T C 2^ — mhojkcctbo 3aKJiioaHTejibHbix 
MaKpococToaHHH. 3^ecb noa, ManpococmoMHueM mm noHHMaeM sjieMeHT MHoacecTBa 2^, to 
ecTb npoH3BOJiBHoe noaMHoacecTBO MHOJKecTBa cocToaHHH Q. XoapM aBTOMaTa M Ha no- 
cjie^OBaTejibHOCTH x = x(0)x(l)x(2) . . . Ha3biBaeTca Taxaa nocjieapBaTejiBHOCTb cocToaHHH 
p = p(0)p(l)p(2) . . . , hto p(0) = gi (p(i), x{i),p{i + 1)) G A ajia aioSoro i. Ha30BeM npede- 
jiom (npedeAbHUM MaKpococmosmueM,) aBTOMaTa M Ha nocjieapBaTejibHOCTH x b/jojib xoaa 
p MHOJKecTBO Bcex TaKHx cocToaHHii, KOTopbie BCTpeaaiOTca b p SecKOHeaHoe KOJinaecTBO 
pa3, o6o3HaaHM sto mhokcctbo aepe3 lim p M. Mm roBopHM, hto aBTOMaT M npuHUMaem 
x, ecjiH cymecTByeT xoTa 6bi o^hh xoa, p aBTOMaTa M Ha x, ajia KOToporo lim p M G T . 
^pyrnMH cjiOBaMH, cjiobo npHHHMaeTca, ecjin xoTa 6bi Ha KaKOM-HH6yab xoae npeaeabHoe 
MaKpococTOHHne npHHa^jieacHT MHoacecTBy 3aKJiioaHTejibHbix MaKpococToaHHH T . AHaao- 
rnaHO npeabi/TyineMy, onpeaeaaa demepMUHupoeauHuu aemoMam Mwjuiepa, mhojkcctbo ne- 
pexonpB A C Q x A x Q mo>kho 3aMGHHTb Ha cpyHKiniio nepexoapB 6: Q x A — > Q (c 
ecTecTBeHHbiMH H3M6H6HH8MH ajia onpeaejieHHa xoaa aBTOMaTa). 

JXjin aBTOMaTa M Bioxh hjih Miojuiepa mhokcctbo Bcex nocjie^OBaTejiBHOCTeH, KOTopbie 
npHHHMaiOTca aBTOMaTOM M, o6o3HaanM L(M). 

J\jir npHMepa paccMOTpnM MHoacecTBO L nocjieaoBaTejibHOCTeH b aacpaBHTe {a, b, c}, b 
KOTopbie ecjin a BxoaHT SecKOHeaHoe KOJinaecTBO pa3, to h b BxoaHT SecKOHeaHoe KOJinae- 
ctbo pa3. ABTOMaTbi Miojuiepa h Bioxh, npHHHMaioiu,He b tohhocth cjiOBa MHO>KecTBa L, 
noKa3aHbi Ha pnc. [6] (aBTOMaT Bioxh noHaap6Hjica HeaeTepMHHHpoBaHHbra) . 

3to npHMep oSmen CHTyaHHH. 

Teopeivia 3.1.2 ([55]). HedemepMunupoeannue aemoMamu Ewxu, HedemepMUHUpoeaHHUe 
aemoMamu MwAAepa u demepMunupoeannue aemoMamu MwAAepa pacno3nawm odun u 
mom o/ce kaclcc MHoatcecme nocAedoeameAbnocmeu. BoAee moso, no aemoMamy odnozo mu- 
na mochcho noAynamt aKeueaAeHmnuu aemoMam dpyzozo muna aAsopumMuuecKU. 

MHoacecTBO nocjieapBaTejibHOCTen, pacno3HaBaeMoe aBTOMaTOM Miojuiepa hjih aBTOMa- 
tom Bioxh, SyaeM Ha3biBaTb pezyAnpnuM. /JeTepMHHHpoBaHHbie aBTOMaTbi Bioxh pacno3Ha- 

K)T MeHbHIHH KJiaCC MHO>KfiCTB. 

0Ka3biBaeTca, aTO Mea<jj;y onncaHHeM MHoacecTB nocjieflOBaTejibHOCTefi c noMombio ko- 
HeaHbix aBTOMaTOB h onncaHHeM hx cpopMyjiaMH MOHaj^naecKoro a3biKa ecTb npaMaa CBa3b. 

Teopeivia 3.1.3 ([IE])- Cymecmeyem aAsopumM, Komopuu no KaotcdoMy aemoMamy Btoxu 
M cmpoum cfiopMyAy MonaduuecKozo M3una, manyw umo L(M) = L((f)), u nao6opom, no 
aw6ou cpopMyAe <p cmpoum manou aemoMam Ewxu M, umo L((f)) = L(M). 
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Phc. 6. IlpHMep aBTOMaTa Miojuiepa (cjieBa) h aBTOMaTa Bioxh (cnpaBa), npnHHMaioiHHx o^- 
ho h to jKe MHO>KecTBO nocjieflOBaTejibHOCTeft. Mhokcctbo npHHHMaiomHx MaKpococToaHiift 
aBTOMaTa Miojuiepa ,u;aHO ciihckom. 

Cjie^CTBHe 3.1.4 ([IE])- Teopun MT(M, <) pa3pemuMa. 

Hac ace HHTepecyeT CHTyaipia, Kor^a Teopiia MT(N, <) pacniapeHa nocjie^OBaTejib- 
hoctbk). OKa3biBaeTca, h b 3tom cjiyaae TeopeMa Bioxh (TeopeMa 13.1. 3H MoaceT noMOib. 
Hecjio>KHO BH^eTb, hto BbinojiHaeTca cjie^yiomee cjie^CTBHe. 

Cjie^CTBHe 3.1.5. MonaduuecKasi meopun nocAedoeameAbuocmu x pa3pemuMa mozda u 
moAbKO mozda, nozda cyu^ecmeyem aAzopumM, nomopuu no Aw6oMy aemoMamy Btoxu (uau 
Aw6oMy demepMUHupoeauHOMy aemoMamy MwAAepa) Mocncem onpedeAumb, npunuMaem au 
smom aemoMam nocjiedoeamejibwcmb x uau Hem. 

IloKajKeM Tenepb, KaK Sjiaro^apa cjie^CTBHio 13.1.51 nojiyaiiTb KpaTepiiii pa3peniHMOCTH 
MOHaflH^ecKHx Teopnii o6o6m;eHHO iiohth nepiio^iiaecKHx nocjieflOBaTejibHOCTeiL 

Cjie^yiomHH ochobhoh pe3yjibTaT b cyinecTBeHHoii CTeneHH MOTiiBiipyeT onpeflejieHiia h 
pe3yjibTaTbi pa3,a;ejia 12.31 a TaKace TeopeMy I2.3.2L 

TeopeMa 3.1.6 ([45]). Teopun MT(N, <,x) o6o6m ) e,HHO noumu nepuoduuecnou nocAedoea- 
meAbuocmu x pa3peuiuMa mozda u moAbKO mozda, nozda x 3$$eKmueH0 o6o6mfiHHO noumu 
nepuodunna. 

JIoKaaameAbcmeo. =>. IlycTb ajia x G QAV Teopiia MT(M, <,p) pa3peniHMa. Toraa ajia 
Kaacapro n h fljia Kaac,apro B03Moa<Horo CHMBOJia a npoBepaeM, He BepHO jih x(n) = a, 
h Tax nepeSopoM Haxo^HM 3HaaeHae x(n). TaKHM o6pa30M, x BbiaHCJiHMa. TaK>Ke nepe6o- 
poM mojkho BbiHHCJiaTb R x , nocKOJibKy fljia jnoSbix n h I mojkho 3anacaTb cpopMyjioii tot 
(paKT, hto R x (n) ^ /. TyT HaM noivioraeT to, hto cjiob (pHKCiipoBaHHoft ajiimbi KOHeaHoe 
hhcjio, nocKOJibKy nocjieflOBaTejibHOCTb KOHeaH03HaaHaa. H ecjin aaace mm He 3HaeM BHaaa- 
jie, KaKne sjieMeHTbi MoryT BxoaaTb b nocjieapBaTejibHOCTb (noTeHaaajibHbix npeTeHaeHTOB, 
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KaK MM flOrOBOpilJIHCb, MO>KGT 6bITb SeCKOHeHHOe KOJIHHeCTBo), Mbl MOJKeM HX TaiOKfi HaHTH 

nepeSopoM, nocKOJibKy moxho Bbipa3HTb (popMyjiOH tot (paKT, hto Bee chmbojim, KpoMe 

CHMBOJIOB HeKOTOpOrO (pHKCHpOBaHHOrO KOHe^HOrO MHOJKeCTBa, B nOCJie^OBaTejIBHOCTH He 

BCTpenaiOTca. 

<=. IlycTb Tenepb x G QAV BMHHCJinMa h HeKOTopaa / R x BbinncjinMa. 
Ilo oie^iCTBHio I3.1.5l ^ijifl pa3peniHMOCTH MT(N, <,x) ^ocTaTOHHO yivieTb no JiioSoMy ^e- 
TepMHHnpoBaHHOMy aBTOMaTy Miojuiepa, 3anym,eHHOMy Ha x, onpe^ejiflTb, npHHHMaeT jih 

OH X HJIH HeT. 

IlycTb M — KaKoii-HH6yflb /j;eTepMHHHpoBaHHMH aBTOMaT Miojuiepa, fleiiCTByiomHH Ha x. 
PaccMOTpHM KOHenHO-aBTOMaTHbiH npeo6pa30BaTejib M', nojiyneHHbin H3 M cjiejjyiomHM 
o6pa30M: BHyTpeHHee ycTponcTBO M' Taxoe me, KaK h y M, npn stom npo npnHHMaioiHHe 
MaKpococTOHHHa M mm 3a6biBaeM. Ha bxo,h,hmx nocjie^OBaTejibHOCTnx M' pa6oTaeT tohho 
TaK ace, KaK h M, a Ha bmxojj; BM/iaeT Ha Ka>KflOM mare CBoe TeKymee cocToaHne. Ilo Teope- 
Me 12.3.21 n. 3) H3 bmhhcjihmocth x h / cjie/xyeT BMHHCJiHMOCTb F(x) G QAV h HeKOTopofi 
g ^ Rm'O)- 

JlerKO BMHHCJIHTb, KaKHe CHMBOJIBI BXOflHT B M' (x) SeCKOHeHHO MHOrO pa3: flJIH BTOrO 

flocTaTOHHO nocMOTpeTb, KaKHe chmbojibi bxo^ht b OTpe30K M ' (x) [g(l) , 2g ( 1) — 1] (a "no- 
CMOTpeTb" mm MOJKeM, noTOMy hto caMa nocjie^OBaTejibHOCTb M'(x) Tome BbiHHCJiHMa) . 

TaKHM 06pa30M, Mbl MOJKeM HaHTH MHOJKeCTBO BCeX TaKHX COCTOHHHH aBTOMaTa M, KO- 

Topbie BCTpenaiOTCH 6ecKOHeHHoe kojihhcctbo pa3 b nponecce paSoTbi M Ha x. 3HaaHT, mm 
MO>KeM npoBepHTb, npHHHMaeT jih aBTOMaT M nocjie^OBaTejibHOCTb x. □ 

Cjie^CTBHe 3.1.7. Teopun MT(N, <,x) nonmu nepuodunecKou nocAedoeameAbHocmu x 
pa3peuiUMa mozda u moAtKO mozda, nosda x guhucaumci u Muootcecmeo nodcAoe Fac(x) 
pa3pemuM0. 

JJoKasameAbcmeo. CjiejxyeT H3 TeopeMM 13.1.61 h npeflJioxceHHa II .2.21 □ 

IIpo6jieMa 11. llpejj;nojio>KHM, nocjie/roBaTejibHOCTb x G SAV BMHHCJiHMa. BepHO jih, 
hto Teopna MT(N, <,x) pa3peniHMa, ecjin MHoacecTBO nojj;cjiOB Fac(z) pa3peniHMO? A ecjin 

JTOnOJIHHTejIbHO H3BeCTHO, HTO MOJKHO BMHHCJIHTb npO KajKJj;Oe CJIOBO, BXOflHT JIH OHO B X 

SecKOHenHO MHoro pa3? Te me Bonpocbi npo KJiaccbi QAV, 1Z, S7Z. fljia Bcex sthx BonpocoB 
ecTb n pa3JiHHHbie paBHOMepHbie BapnaHTM. HanpnMep, cymecTByeT jih ajiropnTM, kotopmh 
no nocjiejj;oBaTejibHOCTH x G SAV, HHCJiy I ^ pr(x) h MHO»cecTBy no^cjiOB nocjiejj;oBaTejib- 
hocth x[l, oo) G AV pa3peniaeT Teopnio MT(N, <,x)l B stoh cbh3h cm. TaKace pe3yjibTaTM 
pa3jj;ejia [H 

no-BHflHMOMy, OTBeTM Ha Bee 3th Bonpocbi OTpHii^aTejibHM, xoth 3to mojkho yTBepjKjj;aTb 
h c pa3JiHHHOH CTeneHbio yBepeHHOCTH jijih pa3Hbix H3 hhx. 

3.2. Pa3peniHMOCTi> TeopHH KomcpeTHMx nocjieflOBaTejibHOCTeii 

B 3tom pa3^ejie mm noKa3MBaeM, KaK nojiyneHHbie b pa3Jj,ejie 13.11 KpHTepnn npnMeHHTb k 
HeKOTopMM paHee paccMOTpeHHMM npHMepaM nocjie/roBaTejibHOCTeii. 
O nocjiejj;oBaTejibHOCTH Tya — Mopca cm. pa3/j;eji 11.31 
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TeopeMa 3.2.1. MonadunecKaM meopuM MT(N, <,t) nocjiedoeamejihuocmu Tya — Mopca 
pa3peiuuMa. 

JJ l oKa3ameA , bcmeo. HanoMHiiM, hto nocjie^OBaTejibHOCTb Tys — Mopca mojkho onpe/rejiHTB 
KaK t = lim n _ +0O u n , rj\e nocjie^OBaTejiBHOCTB cjiob u n onpe^ejiaeTCfl no iiimyKiniH: Mo = h 
u n+ i = u n u n . Ilpn 3tom \u n \ = 2 n . (Cm. pa3neji 1X731 ) 

5Icho, hto t BbiHHCJiHMa. IIo cjiejCTBHio 13.1.71 jocTaTOHHO flOKa3aTb Tenepb, hto Fac(t) 
pa3peniHMO. IlycTb w — npoH3BOJiBHoe cjiobo. HaiifleM KaKoe-HH6yn;B n, t&k htoSbi \w\ ^ 2 n . 
IlocKOJibKy fljia Jiio6oro n HMeeM t = u n u n u n u n u n u n u n u n . . . , cjiobo w bxojtht b t Tor/ia 
h tojibko Tor^a, Korjj,a oho bxo^ht b o^ho h3 cjiob u n u n} u n u n: u n u n , u n u n: hto JierKO 
npoBepaeTCH. □ 

AHajioriiHHO hbho mojkho JxpKa3aTB pa3peniHMOCTb MOHa/THHecKOH Teopiiii nocjie/xpBa- 
TejibHOCTH cDnSoHannn f , ho 3TOT pe3yjibTaT cjie^yeT h h3 TeopeMbi 13.2.21 hh>kc. 

O nocjiejj,OBaTejibHOCTHx IIlTypMa cm. pa3fleji ll.4[ Bonpoc o pa3peniHMOCTH MOHaflH- 
necKOH TeopHH nocjie^OBaTejibHOCTH x n = [sin(n)] (r^e \x] fljia fleiicTBHTejiBHoro nncjia 
x o6o3HanaeT HanMeHBinee nejioe hhcjio He MeHbine x), nocTaBJieHHbin b [56], H3HanajibHO 
nocjiy>KHJi MOTHBanneii b paSoTax [19, 45j. Hecjio>KHO Bn/reTB, hto nocjie/rpBaTejiBHOCTB x n 
aBJiaeTca nocjie^OBaTejibHOCTbio IIlTypMa. ,Hjih cnennajiBHbix nocjie/rpBaTejiBHOCTen IIlTyp- 
Ma, TO eCTb TaKHX, HTO C^BHr p = 0, KpHTepHH 3(p<peKTHBHOH nOHTH nepHOJJ,HHHOCTH (^a- 
K)H],HH B COOTBeTCTBHH C TeOpeMOH 13.1.61 KpHTepHH pa3peiHHMOCTH MOHa^HHeCKOH TeOpHn) 

6mji nojiyneH b [19j. 3/j;ecB mm jj;oKa3biBaeM KpHTepHH b 6ojiee o6m;eM cjiynae. B [57] Bonpoc 
nojiyneHHH TaKoro KpnTepna ccpopMyjinpoBaH KaK otkpbitbih. 

HanoMHHM, hto fleiicTBHTejibHoe hhcjio a Ha3biBaeTca buhucaumum, ecjin cymecTByeT 
ajiropHTM, KOTopbiH no Jiio6oMy nojio:>KHTejiBHOMy pannoHajiBHOMy nncjiy e Bbi^aeT npn- 
SjinjKeHne k a c tohhoctbio e, to ecTb hhcjio b HHTepBajie (a — e, a + e). 

TeopeMa 3.2.2. MonadunecKaH meopun MT(N, <,s a , P ) nocAedoeameAbnocmu UlmypMa, 
onpedeAenHou KaK humchhh MexamiHecKan nocAedoeameAbHocmb c hcikaohom a u cdeu- 
som p, pa3pemuMa mozda u moAbKO mozda, nosda a u p buhucaumu. 

JJoKa3ameAt>cmeo. <=. IlycTb a h p bbihhcjihmbi. Bee, KpoMe, bo3mo)kho, flByx chmbojiob 
nocjieflOBaTejibHOCTH, bbihhcjihmbi: fljia BbinncjieHHH s QjP (n) = [a(n + 1) + p\ — [an + p\ 

HyjKHO C flOCTaTOHHOH CTeneHbK) TOHHOCTH BBIHHCJIHTB ft H p, HT06bI MO>KHO 6bIJIO BblHHCJIHTb 

[an + p\ h [a(n + 1) + pj, a 3HanHT, h s ayP (ri). 3to bo3mo>kho, ecjin tojibko He OKa>KeTCH, 
hto an + p hjih a(n + 1) + p uejibie — Bee TaKHe n (hx He 6ojibnie flByx) mbi 3anoMHHaeM 
oco6o h b nporpaMMy, BBinncjiHiomyio s a>p , 3anHCBiBaeM KaK OT^ejiBHbin cjiynan. 

^ajiee, hcho, hto ecjin nocjie^OBaTejiBHOCTB BBinncjiHMa, n mbi ^jih Ka>K^oro n 3HaeM 
KOJinnecTBO no^cjiOB ^jihhbi n b Heii — b flaHHOM cjiynae sto KOJinnecTBO paBHO n + 1 — to 
MHOJKecTBO nojj;cjiOB pa3peniHMO. OTCiojj;a no cjie jctbhio 13 . 1 . 71 nojiynaeM . hto MT(N, <, s a p ) 
pa3peniHMa. 

IlpeflnojioJKHM, hto Teopna MT(N, <, s atP ) pa3peniHMa. OTCiOfla cjie^yeT, hto nocjie- 
flOBaTejiBHOCTB s Q)P BBinncjiHMa. SaMeTHM, hto k n = Y17=i s a,p(^) = [ot(n + 1) + pj — [pj = 
[a(n + 1) + pj . OTCio^a k n ^ a(n + 1) + p < k n + 1, cjieflOBaTejibHO, ^tj- < ot < ■ 3to 
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no3BOJifleT HaM oneHHTB a c tohhoctbio TaKHM o6pa30M, hhcjio a bbihhcjihmo, noTOMy 
hto ero mojkho BbiancjinTb c jik)6oh Hanepe,a, 3ajj,aHHon to^hoctbio. 

TenepB bo3mo>khbi ,aBa cjiyaaa. IlepBBiH cjiyaan: an + p npn KaKOM-HnSyjxb n nBjiaeTca 
nejibiM hhcjiom. Toraa hcho, hto hhcjio p b btom cjiyaae bbihhcjihmo. 

PaccMOTpHM BTopofi cjryaan, Koraa an + p me HBJiaeTca nejibiM hh npn KaKOM n. By- 
aeM Bee ancjia paccMaTpnBaTB no MOJjyjiio 1, to ecTB He pa3JinaaTB ancjia, OTjiHaaioinnecH 
Ha uejioe cjiaraeMoe. TaKne ancjia yap6HO npeflCTaBjiHTB ce6e OTMeaeHHbiMn Ha OKpya<HO- 

CTH ejXHHHHHOH JJJIHHbl, Ha KOTOpOH MBI B nOJIO>KHTejIBHyiO CTOpOHy HflfeM npOTHB HaCOBOH 

CTpejiKH, a b OTpniiaTejibHyio no nacoBon. CooTBeTCTByionrnM o6pa30M noHHMaiOTca n jiboh- 
Hbie HepaBeHCTBa Meacay t&khmh nncjiaMn: a < b < c, ecjin TponKa (a, b, c) opneHTnpoBaHa 
npoTHB nacoBoii CTpejiKH. SaivieTHM, hto s a)P = 0, ecjin < an + p < —a, n s atP = 1, ecjin 
—a < an + p < 0. CaeapBaTejiBHO, s a ^ p = npn —an < p < —a(n + 1) n s a ^ p = 1 npn 
— a{n + 1) < p < an. 

HtoSm nocnnTaTb p c TOHHOCTbio 2e, HyacHO CHaaaaa jijih apcTaTOHHO 6ojibnioro iV 

OTMeTHTb Ha OKpyjKHOCTH TOHKH ak JIJIH Bcex k = 0, 1, 2, . . . , N, TaK HToSbl paCCTOaHHH 

Meac/ry coceflHHMH OTMeneHHbiMH TOHKaMH He npeBbiniajin 2e. ^Jia 3Toro a apaacHO SbiTb 
BbinncjieHO c TOHHOCTbio e/N, n paccTOHHHH Meacay BbinncjieHHbiMn 3HaaeHHHMH He apjiat- 
hm npeBbiniaTb s. Taxoe apcTaTOHHO Sojibinoe N HaiiaeTCH, TaK KaK a nppan,noHajibHO, a 
npn nppannoHajibHbix a nocaeapBaTejibHOCTb an BCioay njiOTHa Ha OKpyaaiocTH. Ilocjie 
SToro, BbinncjiHB 3HaaeHna aaa k = 0, 1, 2, . . . , N, mm CMoaceM orpaHHHHTb p o/ihhm 

h3 nojiyanBninxca HHTepBajiOB aaHHbi He Soaee 2e Meacay TOHKaMH. □ 

PaccMOTpnM paBHOMepHbie aHajiorn yTBepataeHHii, apKa3aHHbix b TeopeMe I3.2.2L npea,- 
nojioacHM, mm xothm nocTpoHTb ajiropnTM, KOTopbin, nojiyanB Ha Bxoa, ancjia amp, pa3- 
peniaeT Teopnio MT(N, <, s QjP ). Ecjih 6m cymecTBOBaaa nponeaypa, pacno3Haioni;aa cpaKT 
cymecTBOBaHna TaKoro n, hto an + p nejioe, to ee Moa<HO Sbijio 6bi ncnojiB30BaTB Tax, KaK 
onncaHO b apKa3aTejibCTBe TeopeMBi l3.2.2[ Ho H3BecTHO, hto TaKoii npoueaypBi He cymecTBy- 
eT. O^HaKO 3to em;e He ^OKa3BiBaeT, hto acejiaeMoro ajiropHTMa He cymecTByeT. 06paTHO 
aHajiornaHo: npn Hajinann BbimeynoMaHyTOH npoii;eflypbi Moa<HO nocTponTb ajiropnTM, ko- 
Topbin no ajiropnTMy pa3penieHna Teopnn MT(N, <, s a ^ p ) mot 6m BbiancjiaTb amp. Ho 
H3BecTHoe HaM OTcyTCTBne TaKon npon;e^;ypbi em;e He BJieaeT OTcyTCTBna acejiaeMoro ajiro- 
pnTMa. 3to nopoa<^,aeT cjie^yiomnii Bonpoc. 

IIpo6jieMa 12. 1) CymecTByeT jih ajiropnTM, KOTopbin, HMea ajiropnTM pa3penieHna Teo- 
pnn MT(N, <, s aiP ), MoaceT BbiancjiaTb amp? 

2) CymecTByeT jih ajiropnTM, kotopbih no ajiropnTMy BbiancjieHna napaMeTpoB amp Moa<eT 
pa3peniaTB Teopnio MT(N, <, s QjP )? 
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4. BbiHHCJiHMOCTb ^jia noHTH nepno^HHecKHx nocjie^OBa- 

TeJIbHOCTeH 



4.1. Hepa3peniHMOCTb HeKOTopbix cbohctb noHTH nepnoflHHecKHx no- 
cjieflOBaTejibHOCTeii 

Bo MHorax Bonpocax, CBH3aHHbix c noHTH nepno^HnecKHMH h c o6o6iu,eHHO noHTH nepn- 
o^HHecKHMH nocjieflOBaTejibHOCTaMH, ecTecTBeHHbiM o6pa30M B03HHKaeT ajiropHTMH^ecKaa 
cocTaBJiaiomaa: mojkho jih Ty hjih HHyio xapaKTepncTHKy hjih to hjih HHoe cbohctbo npoBe- 
paTB ajiropHTMH^ecKH, nojiynaa Ha bxo,ii, nocjie^OBaTejiBHOCTb. HHor^a bth Bonpocbi sibjih- 
iotch 3(p(peKTHBHbiMH aHajioraMH y>Ke n3BecTHbix pe3yjibTaTOB, HanpHMep, TeopeMa 12.3.51 — 
3(p(peKTHBHbiH aHajior TeopeMbi 12 .3 .41 B HacToameM pa3Jj,ejie b ochobhom 6ya,yT paccMOT- 
peHbi pe3yjibTaTbi, Korjja otbct Ha 3th Bonpocbi OTpHHaTejibHbiH. Mm JTpKa3biBaeM, hto 
HeKOTopbie CBOHCTBa noHTH nepHOflHHHOCTH He HMeiOT scpcpeKTHBHbix aHajioroB. 

OopMajibHO, Mbi paccMaTpHBaeM eunucAUMue onepamopu na nocAedoeamejibHocmsix . 
Otmcthm, hto TyT B03MO>KHbi jjBa nojjxojja. B nepBOM mbi paccMaTpHBaeM onepaTopbi, onpe- 
^ejieHHBie Ha BceB03MO>KHBix nocjie^OBaTejiBHOCTax. TaKHe onepaTopbi b npouecce bmhhc- 
jieHHH MoryT oGpamaTbca k jiioSmm sjieivieHTaM nocjiejxpBaTejibHOCTH. OcHOBHoe cbohctbo 

BMHHCJIHMMX OnepaTOpOB — HenpepblBHOCTb OTHOCHTejIbHO TOnOJIOrHH, HH^yil^HpOBaHHOH 

MeTpHKoft dc- ^pyrHMH cjiOBaMH, nepefl TeM, KaK BbijjaTb otbct, onepaTop mojkct npo- 

HHTaTb JIHHIb KOHeHHOe KOJIHHeCTBO BJieMCHTOB nOCJieflOBaTCJIbHOCTH. TaKHM 06pa30M, flJIH 

flOKa3aTejibCTBa Hepa3peniHMOCTH HeKOToporo CBoflcTBa TaKHM onepaTopoM jj,ocTaTOHHO no- 

Ka3aTb, HTO 3TO CBOHCTBO He HBJIHCTCH HenpepblBHblM. 

ripn btopom nojrxojxe mm paccMaTpHBaeM onepaTopbi, onpejrejieHHbie TOJibKO Ha bmhhc- 
jihmmx nocjie^OBaTejibHOCTHx. Ha bxoji, onepaTopy nojjaeTca npoHejrypa BbinncjieHHa nocjie- 
^OBaTejiBHOCTH. O^HaKO mo)kho ^OKa3aTb, hto npn TaKOM onpe^ejieHHH onepaTop TaKxce 
6yo,eT o6jia^,aTb cbohctbom HenpepMBHOCTH (cm. |58|). BiosTOMy jj,ocTaTOHHO hmctb b bh- 
/ry TOJibKO nepBbifi nojrxojj;, a Bee pe3yjibTaTbi HacToamero pa3jxejia BepHbi ii npii btopom 
nojrxojxe. 

noHTii HiiKaKiie ocMbicjieHHbie CBOHCTBa Hejib3a pacno3HaTb, HMea Ha Bxojxe tojibko caMy 
nocjie^OBaTejiBHOCTb. HanpHMep, npo x G B N Hejib3a jja>Ke CKa3aTb, bxoaht jih b Hee chmboji 
1: ecjiH ajiropHTM npoBepHji HeKOTopoe KOHenHoe KOJinnecTBO chmbojiob, h Bee ohh OKa3a- 
jiHCb 0, oh He MO>KeT rapaHTHpoBaTb, hto jjajiee He bctpcthtch 1. Bonpoc 06 3(p(peKTHBHOCTH 
CTaHeT 6ojiee HHTepecHbiM, ecjin mm Ha bxoji, 6ya;eM nojjaBaTb KaKyio-TO jronojiHHTejibHyio 
HHcpopManiiio. B cjiynae c o6o6in;eHHO noHTH nepnoj^HHecKHMH nocjiejrpBaTejibHOCTHMH b Ka- 
necTBe btoh HHCpopMannn ecTecTBeHHO b33tb peryjiHTop nonTH nepHOJjHHHOCTn. (5Icho, hto 
tohho TaK me mojkho paccMaTpnBaTb onepaTopbi, kotopmm Ha bxojj, no^aiOTca h (pyHKinin, 
a He tojibko nocjie^OBaTejibHOCTH.) 

Tenepb mm bhjihm, hto npn TaKOM nojrxojxe ccpopMyjinpoBaHHaa Bbiine 3a;iaHa mojkct 
6biTb penieHa scpcpeKTHBHo: npoHHTaB nepBbie f(l) chmbojiob nocjiejroBaTejibHOCTii, mm mo- 
jKeM noHaTb, bxojiht jih b Hee 1, a npoHHTaB cjiejryioiHHe f(l) chmbojiob, cmojkcm CKa3aTb 
iiasce, bxo^ht jih b Hee 1 SecKOHenHO MHoro pa3. Bojiee Toro, KaK cjiejjyeT H3 TeopeMbi 13.1.61 
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npn TaKOM no^xo^e Jiio6oe cbohctbo nocjie^OBaTejibHOCTH x, Bbipa3HMoe (popMyjioii (f>(x) 
MOHa^H^ecKoro a3MKa, OKa3MBaeTca pa3peniHMbiM no x. 

Cjie^ryiomiie hgckojibko TeopeM — npiiMepbi pe3yjibTaTOB o HescpcpGKTiiBHOCTH. Oco6eH- 
ho HHTepecHO conocTaBHTb yTBep>KfleHHa TeopeMbi 14.1.11 h TeopeMbi I2.3.5L Teopeivia 14.1.31 
TaKJKe CB33aHa c TeopeMofi 12.3.51 TeopeMbi 14.1.11 14.1.21 14.1.31 n. 1) npefljioaceHna 14.1.61 
(flJiH Kjiacca AV, hto b flaHHOM cjiyaae HecymecTBeHHo) 6bijiH BnepBbie o6T>aBjieHM b |46j 
h ^OKa3aHbi b [24]. Cxeivia flOKa3aTejibCTBa TeopeMbi 14.1.41 ccpopMyjinpoBaHHaa ,a,jia n. 2) 
npe^jiojKeHiiH 14.1.61 HSJioaceHa b |59j (3^ecb mm npiiBo^iiM nojiHoe ^,OKa3aTejibCTBo) . 

riofl cxofliiMOCTbio f n — > f, r^;e /„, / : N — > N, 6yneM nomiMaTb ycjiOBiie Vi 3n Vm > n f m (i) 

/(<)■ 

Teopeivia 4.1.1 ([46], [24]). IJo x G SAP u f ^ R x hg603momcho ajizopurriMUuecKU onpede- 
Asimb Ka,Koe-Jiu6o I ^ pr(x). 

ripHBe^eM flOKa3aTejibCTBO stoh TeopeMbi, htoSm npo^eMOHCTpiipoBaTb Hcnojib3yeMoe 
bo Bcex TeopeMax TaKoro rana paccyacaeHne. 

HanoMHiiM, hto nocjieflOBaTejibHOCTb Tys — Mopca mojkho onpeaejiHTb KaK t = lim^oo u T , 
rae nocjieapBaTejibHOCTb cjiob u n onpeaeaaeTca no HHayKHiiH! Uq = n u n+ i = u n u n . Ilpn 
3tom \u n \ = 2 n . IlocjieflOBaTejibHOCTb t He coaepacnT Ky6oB (noapoGHee o nocjieapBaTejibHO- 
cth t cm. pa3neji [L3l ). (Ha caMOM a,ejie, KaK 6yoeT bh^ho h3 apKa3aTejibCTBa, HaM apcTaTOHHO 
a,aa<e 6ojiee caaSoro yTBepacaeHHa — OTcyTCTBHa KySoB cneiniajibHoro BHaa.) 



fioKasamejibcmeo meopeMu \4.1.1\ A 113 apKa3aTejibCTBa apcTaTOHHO nocTponTb x n G SAV, 
x G AV c oi^eHKaMH Ha peryaaTopbi f n ^ R Xn h / ^ R x , TaKne hto x n — > x, / n — > /, ho 
pr(x„) -> oo. 

^eiicTBHTejibHO, npeanoaoatHM, yKa3aHHbiii b ycjiOBnn TeopeMbi ajiropnTM cymecTByeT. 
IlycTb, nojiynnB Ha Bxoa, (x,f), oh BbiaaeT hhcjio 1^0 (oho MoaceT 6biTb npon3BOJibHbiM, 
TaK KaK x G AV) . Bo BpeMa BbinncjieHna I ajiropnTM npoanTaji Jinnib KOHenHoe KOJinnecTBO 
chmbojiob x n 3HaneHHH /, noBTOMy cymecTByeT TaKoe N > I, hto ajiropnTM He 3HaeT x(k) 
n f(k) aaa k > N ((popMajibHO 9to 03HanaeT, hto Ha Bcex Bxoaax, pa3JiHnne c kotopm- 
mh TOJibKO b no3Hii,H5ix k > N, ajiropnTM paSoTaeT TaK >Ke, KaK h Ha (x, /)). IlocKOJibKy 
pr(x n ) — > oo, HaiiaeTca n, aaa KOToporo pr(x n ) > N. 5Icho Toraa, hto Ha Bxoae (x n , f n ) 
ajiropnTM 6yaeT paSoTaTb TaK ace, KaK n Ha (x, /), n 3HannT, BbiaaeT I, ho pr(x n ) > N > I. 

IlojiojKHM x = t, x n = u n u n u n x. Toraa pr(x n ) ^ 2 n . ^encTBHTejibHO, ecjin pr(x n ) < 2 n , 

TO U n U n X = U n U n U n U n U n U n . . . G .AP, H 3HaHHT, U n U n U n BXOflHT B X = t — npOTHBOpeHHe C 

6ecKy6HOCTbio t. 

OcTajiocb noKa3aTb, hto mojkho Bbi6paTb on,eHKy Ha peryjiaTopbi f n , f, TaK hto /„ — > 
f. 3Toro ^ocTaTOHHO HaiiTH o6hi;hh peryjiaTop g ^Jin Bcex x n — noTOM mm MOJKeM 
yBejiHMHTb g h ^oGHTbca Toro, hto6m g SbiJia oSmeft on;eHKOH Ha peryjiaTop ^Jia Bcex x n h 
fljia x. IIojiojkhm g = 4 • R x . IlycTb cjiobo v, \v\ = k bxoaht b x n — u n u n u n x SecKOHeaHO 
MHoro pa3. Bo3bMeM OTpe30K nocjie^OBaTejibHOCTH x ^jihhm 4 • H x (k) h noKa>KeM, hto 
v b Hero bxo^ht. Ecjih j ^ 3 • 2™ + R x (k), to v BCTpeaaeTca Ha OTpe3Ke x[3 ■ 2", 3 • 2 n + R X (A;)] 
(no onpeflejieHHio peryjiaTopa) . HHaae j < 3 • 2 n + R x (k), OTKyzra % ^ 3 • 2 n — 3R x (/c). Ho 
i ^ 0, 3HaanT, b 3tom cjiyaae R x (k) ^ 2 n = \u n \. TaKHM o6pa30M, x n [i,i + R x (fc)] n;ejiHKOM 
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coaepa<HTca b u n u n . Ho u n u n BxoanT b x, n 3HannT, x n [i,i + R x (fc)] BxoanT b x, nosTOMy v 

BXOaHT B x[i,l + Hx(k)} } TaK KaK V BXOaHT B X 6eCKOHenHO MHOrO pa3, a 3HanHT, BXOaHT B 

jiioSoe noacaoBO x aanHbi R x (k). 

OaHaKO g — eine He HCKOMaa. HeoSxoaHMO npocaeaiiTb 3a cnoBaMii, KOTopbie BCTpeaa- 
K)Tca b x n KOHenHoe KoanaecTBO pa3. Ho acaio, hto ecan KaKoe-TO v BxoaHT b x n KOHeaHoe 
KOJinnecTBO pa3, to \v I = k > 2 n (nHane v BxoaHT b 6jiok H3 aByx nocaeapBaTeabHbix cjiob 

U n HJIH U n , a 3HaHHT, H B x), TO eCTb TaKOe MO>KeT 6bITb JIIIHIb flJia KOHe^HOrO MHO>KeCTBa 

pa3JiHHHbix n. nosTOMy, paccMOTpeB Bee cnTyairnn, Koraa cjiOBa cpHKcnpoBaHHoii aanHbi 
k BxoaaT b KaKne-TO x n KOHeaHoe KOJiaaecTBO pa3, HaM, bo3mo>kho, npnaeTca yBejiiiaiiTb 
3HaaeHiie g(k), ho Jinnib KOHeaHoe KOJinaecTBO pa3. 3HaaHT, HCKOMaa oneHKa peryjiaTopoB 
HanaeTca. □ 

KaK mm yace OTMeaaan b pa3aeae 11.21 HMeeM SAV C QAV [23]. Mojkho noKa3aTb, hto 

3TH KJiaCCbl HeB03MOa<HO pa3flejI3Tb 3(p(peKTHBHO. 

TeopeMa 4.1.2 ([46], [24]). IJo x G QAV u f ^ R x Heeo3MOMcno aAsopumMunecnu onpede- 
ASimb, eepHo au, umo x G SAV. 

Caeayionjee yTBepacaeHne tobopht o tom, hto aaa<e npnnncaB k noaTH nepHoannecKon 
nocae^OBaTejibHOCTH oaHH chmboji, mm, BOoSme roBopa, yace He MoaceM npoBepaTb, aBaaeTca 
an OHa no-npeacHeMy noaTH nepHoanaecKon. 

TeopeMa 4.1.3 ([46], [24]). IJo x G SAV, f ^ R x u HeicomopoMy I ^ pr(x) hcqo3momcho 
ajizopumMuuecKU naxodumb pr(x). 

Caeayionrnn apBoabHO o6miin pe3yjibTaT 6bia H3HanaabHO MOTHBHpoBaH BonpocoM o 
peryaapHOCTH MHoacecTBa aBTOMaTHbix nocaeaoBaTeabHOCTeii — cm. npeaaoaceHne 14.1.61 
n. 2) h caeacTBHe 14.3.21 n. 2), apKasamnae b [59] . 

TeopeMa 4.1.4. FJycmb M. — cner/moe MHoatcecmeo nocAedoeameAbHocmeu, maKoe umo 
V C M.. Tozda no x G QAV u f ^ R x Heeo3MowcHO ajizopumMunecKU onpedejiumb, eepno 
au, umo x G A4. 

JJoKa3ameAt>cmeo. ,HpcTaTonHO nocTpoHTb nocaeapBaTeabHOCTb x n 6ecKOHeaHbix caoB h 
SecKOHeaHoe caoBO x, TaK aTO x n CTpeMHTca k x, Bee caoBa x n , x o6o6meHHO noaTH ne- 
pnoanaHbi n HMeiOT o6nryio oneHKy Ha peryaaTop noaTH nepnoanaHOCTH g ^ R Xn , 9 ^ Rx, 
npnaeM Bee x n G A4, a x ^ A4. ,HeHCTBHTeabHO (noBTopnM ocHOBHyio cxeMy paccyacaeHnn 
em;e pa3), npeanoaoacHM, aaropHTM H3 ycaoBHa TeopeMbi (pacno3HaiomiiH npnHaaaeacHOCTb 
M. o6o6ni,eHHO noaTH nepnoaiinecKHx nocaeapBaTeabHOCTeii) cynjecTByeT. riofla^HM eMy Ha 
Bxoa, x h g. Oh BbiaacT OTpHHaTeabHbiH OTBeT, TaK KaK x ^ M.. Bo BpeMa CBoefl pa6oTbi, 
nepea, TeM KaK Bbiaarb OTBeT, aaropnTM npoanTaa annib KaKoe-TO KOHeaHoe KoanaecTBO 
CHMBoaoB H3 x. nocaeapBaTeabHOCTb x n CTpeMHTca k x, 3HaaHT, Te ace caMbie cnMBoabi, 
KOTopbie aaropnTM ycnea npoanTaTb b x, CToaT Ha Tex ate MecTax b KaKOM-TO x m fljia HeKO- 
Toporo m. 3HaanT, tot ace caMbin OTpHH,aTeabHbiH OTBeT aaropnTM ^oaaceH Bbi^aTb n Ha 
x m h g — npoTHBopeane, TaK KaK x m G M.. 
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IlocTpoHM Tenepb Hy>KHbie x n , x. 

B pa3^ejie 12.21 mm onncajiH yHHBepcajibHbiii MeTOJj nocTpoeHna noa™ nepno^HHecKHx 
nocjie^OBaTejibHOCTeH. HanoMHHM o^hh h3 ero BapiiaHTOB. 

IlocjieflOBaTejibHOCTb (B n ,l n ), r^e B n — HenycToe mhojkgctbo HenycTbix cjiob b (pHKcn- 
poBaHHOM KOHeMHOM ajKpaBHTe A, l n — HaTypajibHbie nncjia, aBJiaeTca A-AV-cxeMom, ecjin 
fljifl Hee BbinojiHeHO ,n,Jia JiioSoro n G N: 

(1) Bee cjiOBa H3 B n HMeiOT ,iiJiHHy l n ; 

(2) jiio6oe cjiobo u G B n+ \ npe^CTaBHMO b BHjj,e u = v±V2 ■ ■ ■ Vk, rjj,e V{ G B n , h ,iijia jiio6oro 
w G B n cymecTByeT i, TaKoe nTO V{ = w. IIocjieflOBaTejibHOCTb x ^4"P-nopo»cfleHa A-AV- 
cxeMOH, ecjin jjjia jiioSmx inn HMeeM x[il n , (i + l)l n — 1] G B n (jjajiee npncTaBKH AV- h 
A-AV- mm onycKaeivi). 

KaK mm yjKe roBopmiri, Kaa^aa cxeMa nopoat^aeT KaKyio-TO nocjie^OBaTejiBHOCTb, h 
Kaa^aa nocjie^OBaTejiBHOCTb, nopoa^eHHaa cxeMOH, aBJiaeTca noaTH nepHOJXHaecKoii. Bo- 
jiee Toro, Ka^KJiaa noaTH nepnoarinecKaa nocjieapBaTejibHOCTb nopojKaaeTca HeKOTopoii cxe- 

MOH. 

Tenepb mm yciuiiiM rjiaBHoe ycjiOBHe Ha B„, a HMeHHO, 6yneM paccMaTpiiBaTb cxeMbi, 

flJIfl KOTOpblX BepHo: 

(*) fljiH jiio6oro n > 1 Kaat^oe it G -B n HMeeT bh^ it = i^i^ ■ ■ - Vk, W G B n _i, npnaeM 
fljifl Ka>K^bix u , i,u'2 G .B n Han^eTca i < k, Taxoe aTO ViVi+i = u>iu>2. 

Otmcthm, hto TaK mm TepaeM cbohctbo yHHBepcajibHOCTn: oneBHaHO, He Kaacaaa noaTH 
nepHoanaecKaa nocjieapBaTejibHOCTb MoaceT 6biTb nopoacaeHa cxeMoli, yapBJieTBopaioiHeH 

yCJIOBHK) (*). 

JleMMa 4.1.5. Cymecmeyem cxejua, 3am Komopou eunoAHeHO ycAoeue (*), it Komopasi no- 
pootcdaem KOHmunyyM pa3Aunnux nocjiedoeamejibHocmeu. 

JJoKa,3ameAbcm,6o. YTBepacaeHne jieMMbi noaTH oaeBHaiio, ho TeM He MeHee apKaaceM ero h 
nocTpoHM HeoSxoanMyio M-AV-cxeMy. 

OnpeaejiHM peKypcnBHO cxeiviy (l n ,B n ): nojio>KHM Iq = 1 h Bq = {0, 1}, h jjajibnie Jjjia 
Kaacapro n ^ 1 nojioa<HM l n = (^5„_i) 2 i n _i. TaK>Ke noaoacHM B n cocToamiiM h3 Bcex cjiob 

JJ,JIHHbI l n , KOTOpbie yjJ,OBJieTBOpflK)T yCJIOBHK) (*). 

Tenepb o6T>acHHM, noaeMy 3Ta cxeivia nopoacaaeT KOHTHHyyM pa3JiHHHbix nocjieapBaTejib- 
HOCTen. HanHeM CTponTb KaKyio-HH6yjj;b nocjie^OBaTejibHOCTb, nopo»cjj;aeMyio stoh cxeMon. 
^jih 3Toro Bbi6epeM nocjie^OBaTejibHOCTb cjiob Wi peKypcnBHO cjiejjyiomiiM o6pa30M: cjiobo 
i^o 03 MHO>KecTBa Bq BbiSepeM npoH3BOJibHO, a ^ajiee cjiobo Wi rjisi i ^ 1 6y;j,eM Bbi6npaTb 
npoH3BOJibHO H3 MHO>KecTBa Bi, Tax hto6m oho aBjiajiocb npojj,oji>KeHHeM cjiOBa Wi-i. 3a- 
MeTHM, hto JiJiHHa li Bbi6paHa flocTaTOHHon jjjia Toro, nTo6bi jjjia jno6oro v G B^_i mojkho 
6mjio HafiTH Sojiee oflHoro cjiOBa H3 Bi, aBJiaioni;eroca npojj;oji>KeHHeM v. 3to 3HannT, hto 
Ka>K^biH pa3, Korjja mm Bbi6HpaeM Wi jjjia KaKoro-HH6y^b i, y Hac ecTb xoTa 6m jj,Ba pasjin^i- 
hmx BapnaHTa, He3aBHCHMO ot Bcex npejxbijxynrnx BbiSopoB. SHa^HT, mm MOxeM Bbi6paTb 
nocjieflOBaTejibHOCTb cjiob Wi KOHTHHyyMOM pasjiH^iHbix cnoco6oB. OcTajiocb TOJibKO 3aMe- 
THTb, hto npn jiio6om TaKOM BbiSope npe^ejibHoe SecKOHenHoe cjiobo lim^oo u>j nopojKjj;eHO 
cxeMon (l n ,B n ) no nocTpoeHHio. □ 
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KaK cjie^yeT H3 btoh jieMMbi, cpe^H nopo>K^,eHHbix tskhmh ycnjieHHbiMH cxeiviaMH Haii- 
,zryTca nocjie^OBaTejibHOCTH, He npHHa^Jie^Kainne Ai } Tax KaK A4 chctho (bto e^HHCTBeHHoe 
MecTO, r^e HcnojiB3yeTca cneTHOCTb Ai). Bo3bMeM o^Hy H3 hhx — x, nopoK^eHHyio hcko- 
Topoii cxeMoii (B nj l n ). 

OnpeflejiHM p n = x[0,l n ]. TaKHM o6pa30M, p n G B n h Hindoo p n = x. IIojiojkhm x n = 
PnPnPn ■ ■ ■ G V. 5Icho, wto x n — > x, KpoM6 Toro, Bee x n G A4. OcTajiocb Bbi6paTb oShthh pe- 
ryjiHTop / fljifl Bcex x n . YBejiHHHB ero noTOM, ecjin Hy>KHO, c^ejiaeivi TaK, hto6m oh nojjxoiiHji 

H flJIH X. 

Cennac mm nojiynHM KOHenHoe (flJia Kaxcfloro k) KOJinnecTBO TpeSoBaHHft BH/ia f(k) ^ a, 
nocjie nero b KanecTBe f(k) MO»ceM b3htb MaKCHMyM no BceM TaKHM a. 

IlycTb v = x n [i,j], \v\ = k (sto cpa3y 03HanaeT, hto v bxo/iht b x n SecKOHenHO mhoto 
pa3, TaK KaK x n G V). HepaBeHCTBO k is l n -\ MO>KeT BbinojiHaTbcs jinnib ^jih KOHenHoro 
KOJinnecTBa pa3JiHHHbix n (npn cpHKcnpoBaHHOM k), hto ^aeT jihhib KOHenHoe KOJinnecTBO 
ycjiOBHfi Ha f(k). Tenepb mojkho CHHTaTb, hto k < Z n -i- Bo3bMeM TaKoe t, hto U-i < k ^ 
It (BajKHO, hto t He 3aBHCHT ot n h 0flH03HaHH0 onpeflejiaeTca no k). Torjja t ^ n — 1. 
CymecTByeT m, TaKoe hto ml t ^ « i j ^ (in + 2)l t — 1, to ecTb v cojrepjKHTca b HeKOTopoM 
ab, rjie a, b G B t , h 3HanHT, 6jiaro^,apa CBoiicTBy (*), v bxojiht b jnoSoe c G B t +\. Ho Ha 
KajK^OM OTpe3Ke ^jihhbi 2/ f+ i nocjie^OBaTejiBHOCTH x n HaiifleTCfl bxojk^ghhs KaKoro-HH6y^,B 
c G B t+ i (n;ejiHKOM BxojjHDxero b KaKoe-TO p n ), a 3HanHT, h BxojK/xeHHe v. TaKHM o6pa30M, 
JXpCTaTOHHO / ^ 2l t+1 . □ 

IIpe/ijiOiKeHHe 4.1.6. 1) [Jty IIo x G QAV u f ^ R x neeo3MOMcno ajizopumMune- 
cku onpedejinmb, eepno jiu, nmo x G V. 

2) [5l% IIo x G QAV u f ^ R x Heeo3MoofCHO aAsopumMuuecKU onpedeAHmb, eepno jiu, 
umo x aemoMamna. 

3) IIo x G QAV u f ^ R 2 Heeo3MOMcno ajizopumMUHecKU onpedejinmb, eepno jiu, umo 
x Mopcfiuuecizatt. 

H3 KOHCTpyKHHH b ^OKa3aTejibCTBe TeopeMbi l4.1.4l oie^iyeT cymecTBOBaHHe 6ecKOHenHoro 
KOJinnecTBa nepno^HHecKHx nocjieflOBaTejibHOCTeii x n c o6m;eH BepxHeii on;eHKOH Ha peryjia- 
Top noHTH nepHO^HHHOCTH. 3t8l cepHa npHMepoB jnoSonbiTHa TeM, hto o^Ha ecTecTBeHHaa 
Mepa noBTopaeMOCTH b bthx nocjie^OBaTejibHOCTax — oneHKa Ha peryjiHTop noHTH nepno- 
^hhhocth — nocToaHHa, Tor^a KaK ^pyraa TaKaa Mepa — nepno^, nocjie^OBaTejiBHOCTH — 
MOJKeT 6bitb CKOJib yro^HO Gojibniofl. Ilo-flpyroMy, bto 3aMenaHne mojkho ccpopMyjinpoBaTb 
TaK: ecjin ecTecTBeHHbiM o6pa30M o6o6ni;HTb noHHTHe peryjiHTopa nonTH nepnoflHHHOCTH Ha 
KOHenHbie cjiOBa h b3htb nocjie^OBaTejibHOCTb cjiob p n — nepnoflOB x n , to sto 6yzi,eT npn- 
Mep ckojib yro^HO ^jiHHHbix KOHenHbix cjiob c o6iu,eH oneHKOH CBepxy Ha peryjiHTop noHTH 

nepHOflHHHOCTH . 

4.2. CB33b C MOHaflH^eCKHMH TeOpHSMH 

JlioSonbiTHbiM o6pa30M OKa3biBaeTca Tenepb, hto h3 BbinienepenHCJieHHbix pe3yjibTaTOB h h3 
TeopeMbi 13.1.61 mojkho nojiynHTb cjie^CTBHH b TepMHHax MOHaflHnecKnx Teopnn cjiejj;yioni;HM 
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o6pa30M. 

Cjie^CTBHe 4.2.1. B MouaduuecKou meopuu npu x G SAV HeeupasuMo HUKanoe hucjio 
I ^ pr(x) paeHOMepno no x. J^pyzuMU c/ioeaMU, ne cyv^ecmeyem manou $opMyjiu (f)(x, I) e 
MonadunecKOM H3UKe, Komopan npu x G SAV ucmuHna, moAbno ecjiu I ^ pr(x), npuneM 
npu KaafcdoM x G SAV xomn 6u odno manoe I, nmo <fi{x, I) ucmuuna, uaudemcn. 

JJoKa3ameAbcmeo. IlycTb x G SAV n nycTb cymecTByeT cpopMyjia <j)(x, I) H3 ycjiOBna Teo- 
peMbi. Tor^a no x n KaKOMy-TO / ^ R x , mojkho nepe6opoM HanTH I ^ pr(x). fljiz SToro 
HyjKHO nepe6npaTb ncmpafl Bee HaTypajibHbie nncjia n n npoBepaTb, BepHO jih <j)(x, n) - 
3to mojkho npoBepHTb no TeopeMe 13.1.61 TaKHM o6pa30M, sto ^ajio 6bi ajiropHTMnnecKHH 
cnoco6 HaxoflHTb I ^ pr(x) no x h / ^ R x — npoTHBopenne c TeopeMon 14. 1 . 1L □ 

AHajiornnHbiM o6pa30M nojiynaiOTca n Bee ocTajibHbie cjie^CTBna. CKaaceM, hto ceou- 
cmeo P eupasuMo npn x G C b Teopnn MT(N, <,x), ecjin cymecTByeT TaKaa (popiviyjia 
<j>{x) b MOHaflnnecKOM H3MKe, KOTopaa b orpaHnneHnn Ha mhojkgctbo C BbipajxaeT cboh- 
ctbo P 

Cjie^CTBne 4.2.2. Ecjiu x G QAV, mo e meopuu MT(N, <,x) HeeupaauMo ceoucmeo 
x G SAV. 

/JoKa3ameAbcmeo. Cjie^yeT H3 TeopeMbi I4.1.2L □ 

Cjie^CTBne 4.2.3. Ecau x G SAV, mo e meopuu MT(N, <,x) c donoAuumeAbuou koh- 
cmaumou, paeuou K(iKOMy-mo I ^ pr(x), neeupa3UM0 hucao pr(x). 

floKasameAbcmeo. Cne^yeT H3 TeopeMbi 14. 1 .31 □ 

Cjie^CTBne 4.2 .4. 1) Ecjiu x G QAV, mo e meopuuMT(N } <,x) neeupasuMo ceoucmeo 
xeV. 

2) Ecau x G QAV, mo e meopuu MT(N, <,x) ueeupa3UM0 ceoucmeo "x — aemoMamnan 
nocAedoeameAbHocmb ". 

3) Ecau x G QAV , mo e meopuu MT(N, <,x) neeupasuMO ceoucmeo "x — MoptfiuuecKan 
nocAedoeameAbHocmb ". 

J^OKasameAbcmeo. Cjie^yeT H3 npeiyioateHHa [47T761 □ 

4.3. HeperyjiapHOCTb HeKOTopwx MHO^cecTB nocjie^OBaTejibHOCTeii 

Tenepb mm noKaaceM, KaK, ncnojib3ya TeopeMbi SToro pa3^ejia, mojkho ^0Ka3aTb npo HeKO- 
Topbie MHO>KecTBa nocjie^OBaTejibHOCTen, hto ohh He pacno3HaiOTca KOHenHbiM aBTOMaTOM 
(nMeeTca b BH^y aBTOMaT Bioxh hjih aBTOMaT Miojuiepa, cm. pa3^ieji IBTTl) . to ecTb He aB- 
jiaiOTca peryjiapHbiMH. Bo3mojkho, y bthx cpaKTOB ecTb h Sojiee npaMoe ^0Ka3aTejibCTB0. B 
H3Jioa<:eHHH SToro pa3,a,ejia mm b cymecTBeHHon CTeneHn cjie^yeM pa6oTe |59| . 
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KaK yTBep>K^aeT TeopeMa 13.1.61 no o6o6ni,eHHO iiohth nepHo^nnecKOH nocjie^OBaTejib- 
hocth, KaKOH-Hn6y^,b oneHKe CBepxy Ha ee peryjiHTop n aBTOMaTy Bioxh mojkho ajiropriT- 
MHnecKH onpe^ejiaTb, npHHHMaeT jih ^aHHbiH aBTOMaT Bioxh ^aHHyio nocjie^OBaTejiBHOCTb. 
ToBopa 6ojiee tohho, cymecTByeT ajiropnTM, KOTopbifi, nojiyHHB Ha bxo/j; opaKyji jj;jih nocjie- 
^OBaTejibHOCTH x G QAV, opaKyji jj;jih HeKOTopofi (pyHKHHH g ^ R x h aBTOMaT Bioxh F, 
Bbi^aeT OTBeT, BepHO jih, hto F npHHHMaeT x. 

IlpeflnojiOKHM, hto HGKOTopoe MHO>KecTBO M. nocjieflOBaTejibHOCTen HBjiaeTCH peryjiap- 
HbiM, to ecTb cym,ecTByeT npHHHMaioiixHH ero aBTOMaT Bioxh. Torjja no TeopeMe 13.1.61 cy- 
mecTByeT ajiropnTM, kotopmh no o6o6ni;eHHO noHTH nepHOjjHHecKOH nocjie/rpBaTejibHOCTH 
h oneHKe CBepxy Ha ee peryjiHTop onpe/xejiaeT, npHHajjjiejKHT jih 3Ta nocjie/xpBaTejibHOCTb 

MHOJKeCTBy A4. 

TaKHM o6pa30M, jj,jih Toro hto6bi noKa3aTb, hto MHOJKecTBO M. HeperyjiapHO, ^ocTaTon- 
ho noKa3aTb, hto He cymecTByeT ajiropHTMa, KOTopbiii no opaxyjiy pjin o6o6ineHHO nonTH 
nepnojjHHecKOH nocjieflOBaTejibHOCTH h jj;jih KaKofi-TO oneHKH CBepxy Ha ee peryjiHTop onpe- 
/xejiaeT npHHafljiejKHOCTb btoh nocjieflOBaTejibHOCTH k MHOJKecTBy M.. (06o6meHHO noHTH 
nepnojjHHecKHe nocjie/xpBaTejibHOCTH b 3tom yTBepjK/xeHHH mojkho 3aivieHHTb Ha noHTH ne- 
pHOJinnecKHe.) 

Tax, H3 TeopeMbi 14.1.21 h npejuio>KeHHfl [4.1.61 mo>kho nojiynnTb cjie^yiomne pe3yjibTaTbi. 
Cjie^CTBHe 4.3.1. MnoMcecmeo EAV ne pezyjinpno. 
Cjie^CTBHe 4.3.2. 1) MnoMcecmeo V ne pezyjinpno. 

2) MnoMcecmeo aemoMamnux nocjiedoeamejibHocmeu ne pezyjinpno. 

3) MnoMcecmeo MoptfiuuecKux nocjiedoeamejihuocmeu ne pezyjinpno. 

B KanecTBe ecTecTBeHHoro npojjpjuKeHHH mojkho ccpopMyjinpoBaTb cjiejjyioiHyio rnnoTe- 

3y 

rnnoTe3a 13. Mnoofcecmea AV, QAV , 1Z, STZ He pezyAApnu. 

Cxopee Bcero, bo Bcex sthx cjiynaax mojkho npHMeHHTb TexHHKy, npojjeMOHCTpnpoBaH- 
Hyio b 3tom pa3ja;ejie. 

5. Cno^KHOCTb noHTH nepno^HHecKHx nocjie^OBaTejibHO- 
CTen 

B pa3jxejie 15.11 mm KpaTKO roBopHM o cjiojkhmx pe3yjibTaTe h rnnoTe3e, CBH3aHHbix c npe- 
jj;ejibHbiM noBejj;eHHeM peryjiHTopa noHTH nepHOjjHHHOCTH nocjie/xpBaTejibHOCTH, a b pa3/j;e- 
jie 15.21 o6cy>Kjj,aeM cjiojkhoctb nocjie/jOBaTejibHOCTen b TepMHHax KOJiMoropoBCKoii cjiojkho- 

CTH H nO^CJIOBHOH CJIO>KHOCTH. 
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5.1. IIpe,zi,ejTbHoe noBefleHHe peryjiaTopa iiomth nepnoflKHHOCTH 

Cjio>KHOCTb noHTH nepHOJ^nnecKOH nocjie^OBaTejibHOCTH mojkho noHHMaTb KaK cjiokhoctb 
ycTpoiicTBa ee peryjiaTopa iiohth nepno,iniHHOCTH. CjieijyioiHHH pe3yjibTaT CTaji nojiojKH- 
TejibHbiMH OTBeTOM Ha flojiroe Bpeivia ocTaBaBinnncH OTKpbiTbiM Bonpoc Mopca n XefljiyH^a, 
C(popMyjiHpoBaHHbiii b [6j. 

TeopeMa 5.1.1 (|60|). Ecau nocAedoeameAbHocmb x anepuodunecKan, mo ne cyv^ecmeyem 
KoneHHOzo npedejia nocAedoeameAbnocmu Rx ^ npu n — > oo. 

y^o6HO Kpoivie peryjiaTopa iiohth nepHOjjnmHOCTH nocjie^OBaTejibHOCTH onpe^ejiHTb TaK- 
5Ke (pyHKipiio t x (ji) = R x (n) — n + 1, KOTopaa paBHa MaKCiuviajibHOMy paccToaHHio Mempj 
coce^HHMH BxoKfleHHaMH cjiOBa u ^JiHHbi n (paccToaHHe SepeTca Meacjjy jigbbimh KOHnaMn 
BxojK^eHHH, a MaKCHMyM SepeTca no bcgm cjiOBaM jj,jiHHbi n h no bcgm paccToaHnaivi) . Cjie- 
,aya [47], onpejj,ejinM K09$<j)uii ) ueH'm nonmu nepuoduHHOcmu p x nocjie^OBaTejibHOCTn x KaK 
p x = limsup n _ >00 ^7^. Hecjio>KHO Bnjj;eTb, hto jj;jih nepnoflnnecKon nocjie^OBaTejibHOCTH x 
K03(p(pHn;HeHT nonTH nepnoflHHHOCTH paBeH 1. Kpoivie Toro, nocjie^OBaTejibHOCTb jinHeimo 
nonTH nepno^nnecKaa (cm. c. l26l ) Torjj,a n TOJibKO Tor^a, Kor^a ee K03(pcpHnneHT nonTH 
nepno^nnHOCTH KOHeneH. 

B [6j nocTaBjieH Bonpoc Haxoacj^eHnn Hanjiynnien Hn>KHen oneHKH Ha r x jj,Jia Henepno^n- 
aecKHx x. H3 npe^jiojKeHHa 11.4.11 HecjiojKHO BH^eTb, hto p x ^ 2 jj;jih Henepnoj^nnecKHx x. 
B |47| ^OKa3aHO, hto p x ^ 3 jj;jih Henepnoj^nnecKHx x. Po3h h KaccBHb BbiflBnraiOT cjie/jyio- 
myio rnnoTe3y. 

THnoTe3a 14 ([47, 61 J ) - J^asi ak>6ou HenepuoduuecKou nocAedoeameAbnocmu x eunoAneno 
P.^^fi = 3,618... 

IIocKOJibKy jj,jia nocjie^OBaTejibHOCTH (PnGoHannn pf = 5+ 2 v ^ (cm. [47]), ^OKa3aTejibCTBO 
3toh rnnoTe3bi CTajio 6bi nojiHbiM OTBeTOM Ha ynoMHHyTbiii Bonpoc H3 [6]. 

Ochobhbim cpe^CTBOM b /j;oKa3aTejibCTBe TeopeMbi 15.1.11 a TaKJKe b npe^nojiaraeMOM 
yxe cymecTByioineM, ho noKa He onySjiHKOBaHHOM ,a,OKa3aTejibCTBe rnnoTe3bi [14] (cm. kom- 
MeHTapnn b |47| ) aBjiaiOTca rpacpbi Po3n nocjie^OBaTejibHOCTen, hihpoko ncnojib3yeMbie b 
KOMSnHaTopnKe cjiob (onpe^ejieHne h HeKOTopbie CBoncTBa mojkho Hanra, HanpnMep, b [60J ) . 

5.2. IIocjie^OBaTejibHOCTH co cjkxhchbimh no/jcjiOBaMH 

KoAMOZOpOeCKCLSl CAOCHCHOCmb KOHeHHOrO CJIOBa, HeCpOpMajIbHO, — 3TO KOJIHHeCTBO HH(popMa- 

nnn b 3tom cjiobc Bojiee (popMajibHO, 3to jj,JinHa KpaTnanniero 6nHapHoro onncaHna SToro 
cjiOBa, npn TaKOM cnocoSe onncaHna, npn kotopom cjiOBa nojiynaiOTca H3 cbohx kopotkhx 
onHcaHHH npnMeHeHneM yHHBepcajibHoro ajiropnTMa. no-/j;pyroMy, KOJiMoropoBCKaa cjiojk- 
HOCTb cjiOBa — 3to jj;jiHHa KpaTnannien 3aKOjj;HpoBaHHOH b 6nHapHOM ajicpaBHTe nporpaM- 
mm 6e3 Bxojj,a b KaKOM-Hn6y^b ecTecTBeHHOM a3MKe nporpaMMnpoBaHna, nenaTaiomen bto 
cjiobo. KojiMoropoBCKan cjioa<HOCTb onpe^ejieHa c TOHHOCTbio jj,o a^mnTHBHon KOHCTaHTbi 
(3aBHcam,en ot a3MKa nporpaMMnpoBaHna hjih KOHKpeTHoro yHHBepcajibHoro ajiropnTMa, 
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KOTopbiii 6epeTca b onpe^ejieHnn) . Bojiee ^eTajibHO c (pyH^aMeHTajibHbiM noHaTneM kojimo- 
ropoBCKoft cjiojkhocth mo>kho 03HaKOMHTbca no [62] hjih |63| (cm. TaKJKe |64j). 

Mm o6o3HanaeM nepe3 K(u) cjiojKHOCTb cjiOBa u. B btom pa3,a,ejie Bee KOHenHbie cjiOBa h 
6ecKOHeHHbie nocjiejj;oBaTejibHOCTH npejjnojiaraiOTca 6nHapHbiMH. Ojj;ho H3 6a30Bbix cbohctb 
KOJiMoropoBCKofi cjicoKHOCTH, KOTopoe HaM noHajjpSnTca, cjiejjyioinee: ,n;jia Bcex cjiob «6l* 
BbinojiHeHO K(u) < \u\ + C, nocKOJibKy Kaacjjpe cjiobo moxho onncaTb Kax mhhhmjm mm 
caMHM. 

XoTa KOJiMoropoBCKaa cjiojkhoctb H3MepaeT KOJinaecTBO HHcpopMannn b cjiOBax (h b 
jjpyrnx KOHenHbix o6 r beKTax), h cjie^OBaTejibHO, ee npiiMeHeHiie n cb33h c KOM6nHaTopnKoft 
cjiob npe^CTaBJiaiOTca jiioSonbiTHbiMH n ecTecTBeHHbiMH, oneHb Majio h3bcctho TaKiix CBa- 
3eft. 3;j;ecb mojkho OTMeTHTb OTMeTHTb paSoTy |65| (cm. o6cy>Kjj;eHHe jjanbine), |66| . rjj;e Haft- 
^eHO HOBoe ^OKa3aTejibCTBO cyinecTBOBaHna nocjie,a,OBaTejibHOCTeft c npoH3BOJibHbiM 3Hane- 
hhc-m KpHTHnecKOH SKcnoHGHTbi (H3HanajibHO pe3yjibTaT nojiyneH b |67j ) n, HaKOHen,, pa3^eji 
5 pa6oTbi |68| . pacmnpeHHon Bepcnen KOToporo n aBJiaeTca HacToainnn pa3jj;eji. 

Ochobhoh nejibio jjaHHoro pa3jj;ejia aBJiaeTca o6cyjK^eHHe cjiejjyioineH rnnoTe3bi. 

rnnoTe3a 15 (Ah. MynHHK, 2005). JJah aw6o20 < a < 1 cyiu,ecmeyem nonmu nepuodu- 
HecKdH nocAedoeameAbHocmb x, 3ah nomopou odnoepeMenno eunoAHeno CAedy toupee: 

1 ) neKomopasi eepxnnn ou,enKa na ~R X quhucaumci; 

2) nepaeencmeo K{u) > a\u\ eunoAHeno 3am ak>6ozo nodcAoeau nocAedoeameAbnocmu x . 

riinoTe3a He jj,OKa3aHa flaace xoTa 6m ,a,jia KaKoro-HH6yzi,b cpHKcnpoBaHHoro a. 
CBOHCTBa nocjie;j,OBaTejibHOCTH H3 stoh rnnoTe3bi oS^e^HHaiOT b ce6e ,a,o HeKOTopoii 

CTeneHH BblHHCJIHMOCTb (BblHHCJIHMblH peryjiaTOp nOHTH nepHOflHHHOCTH) H JJ,0 HeKOTopoii 

CTeneHH cjiynaimocTb (nonTH MaKCHMajibHaa B03MO>KHaa KOJiMoropoBCKaa cjiojKHOCTb no;i- 
cjiob). OflHaKO 3Ta nocjie^OBaTejibHOCTb He mojkct 6biTb hh no-HacroameMy BbinncjinMon 
(sto 03Hanajio 6bi jiorapH(pMHHecKyio cjio>KHOCTb Bcex Haaaji), hh no-HacToameMy cnynaft- 
Hoft b CMbicjie MapTHH-Jlecpa (sto 03Hanajio 6hi, hto b Hee Bxo^aT Bee B03MO>KHbie cjiOBa, 
B TOM HHCJie npocTbie). 

Bmjio nojiyaeHO MHoro pe3yjibTaTOB, 6jih3khx k rnnoTe3e [15l Cjiejjyioinee yTBepjK^eHHe 
aBJiaeTca nojie3HbiM cpeflCTBOM. 

TeopeMa 5.2.1 ([69]). JJah ak>6ozo < a < 1 cyu^ecmeyem nocAedoeameAt>Hocmt> x G B N , 
manan umo nepaeencmeo K(u) > a\u\ eunoAHeno 3ah ecex nodcAoe u nocAedoeameAbno- 
cmu x. 

TaK KaK no npe jjioaceHnio [LP . 41 juia Kaacflon nocjieflOBaTejibHOCTH cym;ecTByeT nonTH ne- 
pnoflnnecKaa nocjieflOBaTejibHOCTb, Bee noflCJiOBa KOTopon aBJiaiOTca no^cjiOBaMH hcxo^hoh, 
b KanecTBe cjieflCTBna H3 TeopeMbi 15.2.11 bmbojjhm cymecTBOBaHne nonTH nepnoflnnecKon no- 
cjie^OBaTejibHOCTH co cjiokhmmh noflCJiOBaMH. Tenepb 3a;j,ana b tom, htoSbi Haft™ Taxyio 
nocjie;j,OBaTejibHOCTb c BbinncjinMoft BepxHeft on,eHKoft Ha peryjiaTOp nonTH nepHO^nnHOCTH. 

Ha caMOM jj;ejie, HecKOJibKO jjpyraa, 6ojiee cjia6aa, xapaKTepncTHKa nonTH nepnojjnne- 
ckoh nocjiejj;oBaTejibHOCTH mojkct SbiTb 3/j;ecb c^ejiaHa BbinncjinMO on;eHHBaeMoft CBepxy. 
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IlycTb x G AV. Onpe^ejiHM R' x (n) k&k MHHHMajibHoe Taxoe /, hto cjiobo x[0,n — 1] bxo^ht 
b jiio6oe no^cjiOBO ^jihhm / b x (cm. TaK>Ke [47j). Ohgbh^ho, R x ^ R' x , noaTOMy ,a,jin jiio6oro 
x G AV ecjiH Kaxaa-TO BepxHaa oneHKa Ha R x BbiancjinMa, to to me BepHO a npo R' x . Ilo 
cymecTBy, cjieflyiomee yTBepa^eHHe flOKa3aHO b |65j. 

TeopeMa 5.2.2 ([65]). A AH Jiw6oso < a < 1 cymecmeyem nonmu nepuoduuecKan nocAe- 
doeameAbHocmb x, 3ah Komopou odnoepeMeHHO eunoAHeno CAedyiow^ee: 

1 ) KciKasi-mo eepxHfw oyenna na ~R' X euuucAUMa; 

2) HepaeeHcmeo K{u) > ac\u\ eunoAHeno 3ah ak>6ozo nodcAoeau nocAedoeameAbHocmu x . 

Ilpa ^OKa3aTejibCTBe TeopeMbi 15.2.21 Hcnojib3yeTca cjie^ryioinHH npocToii MeTOfl nocTpo- 
emia noaTH nepao^HaecKHx nocjie^OBaTejibHOCTen. IlycTb rii — B03pacTaioiii;aa nocjieapBa- 
TejibHOCTb HaTypajibHbix aaceji, Taxaa aTO ni\n i+ i ^jia jnoSoro i. Bo3BMeM Tenepb npon3- 
BOJiBHyio nocjie^OBaTejibHOCTb x a H3MeHHM b Hen aeKOTopbie sjieivieBTbi, Tax htoSbi OHa 
CTajia aoaTa aepao^aaecKoa. IlepBbiM aiaroM 3aMeaaM Bee OTpe3Ka Bnaa x[ini, iri\ + uq — 1] 
ajia i ^ 1 Ha OTpe30K x[0,rio — 1]. ^ajiee 3aivieHHM Bee OTpe3KH BH,na x[iri2,in2 + n\ — 1] 
ajia i ^ 1 Ha OTpe30K x[0,rii — 1]. H TaK flajiee: Ha k-m mare npone,zrypM mm 3aMeHaeM Bee 
OTpe3KH BH^a x[ink+i, in^+i + n& — 1] ^jia i ^ 1 Ha OTpe30K xfO,?^ — 1]. 3a caeT ycjiOBHa 
ni\rii + i fljia jaoSoro i Bee aepeaacbiBaHaa flpyr c flpyroM corjiacoBaHHbi: ecjia KaKoa-TO chm- 
boji Ha HeKOTopoM mare Sbiji nepenacaH, to flajibine oh ya<e nepenncaH He 6yzi,eT. OTCioaa 
cjie^yeT, hto nocjie^OBaTejibHOCTb, nojiyaeHHaa TaKon npoirAzrypoH, 6yn;eT noaTH nepnoan- 
aecKon: mm o6ecneaHJiH apcTaTOHHyio BCTpeaaeMOCTb ,iijih Kaacapro npecpHKca. Bojiee Toro, 
mm o6ecneaHJiH Kaa^OMy npecpHKcy BCTpeaaeMOCTb no apncpMeTnaecKon nporpeccHH, H3 
aero caeayeT, hto Kaai^aa aocaeapBaTejibHOCTb, nojiyaeHHaa ao BbinieoaacaHHOH npone- 
aype, 6ya,eT tohho noaTH nepnoaHaecKOH. OaHaKO Tax nojiyaaiOTca He Bee tohho noaTH 
nepHoanaecKHe nocjieapBaTejiBHOCTH . 

,Hpyroe ocjia6jieHHe rnnoTe3M MyaHHKa mojkct 6mtb nojiyaeHO, ecjin mm noTpe6yeM 
6jih30cth k cjiyaaflHOCTH He ot Bcex no^cjiOB nocjieapBaTejibHOCTn, a TOJibKO ot Bcex npe- 
cpHKCOB. Ilo cymecTBy, caeayioiHHii pe3yjibTaT nojiyaeH b |10j . 

TeopeMa 5.2.3 ([IH]). JJam ak>6o20 < a < 1 cyv^ecmeyem nonmu nepuoduuecKan nocAe- 
doeameAbHocmb x, 3ah Komopou odnoepeMeHHO eunoAHeno CAedyiow^ee: 

1 ) KanaH-mo eepxHfw oi^eHKa na R x eunucAUMa; 

2) Hepaeencmeo K{u) > a\u\ eunoAHeno 3am ak)6ozo npetfiuKca u nocAedoeameAbno- 
cmu x. 

TexHHKa, c noMOHToio KOTopoii stot pe3yjibTaT ^,OKa3MBaeTca b pa6oTe [10J, acaojib3yeT 
yHHBepcajiBHbiH MeTOfl nocTpoeHHa aoaTa aepao^aaecKax aocjie^OBaTejibHOCTen (cm. pa3- 
^ieji l2.2p . 3to oflHH H3 bo3mo>khmx cnoco6oB nbiTaTbca flOKa3aTb rHnoTe3y[15l (CTporo tobo- 
pa, b pa6oTe [10] ^aHa KOHCTpy Kiraa , Hcnojib3yiOHi;aH ^4P-cxeMM, KOTopaa, no-BHflHMOMy, He 
flaeT BOo6n],e roBopa ohchkh Ha peryjiaTop noaTH nepnoflHaHOCTH — cm. rnnoTe3y[2l Ho 9Ty 
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KOHCTpyKHHK) MOXHO MOaiKpHHHpOBaTb, 321MGHHB HCnOJIb30BaHHe AV-CXeM Q AV -CXeMaMH 

h TeM caMbiM oSecnenHB BbiaHCJiHMOCTb ou,ghkh Ha peryjiaTop.) 

EcTecTBeHHoe noHaTne noacaoBHoii cjio>khocth aacTO acnojib3yeTca aaa xapaKrepH3a- 
hhh KOHenHbix cjiob h 6ecKOHeaHbix nocjieflOBaTejibHOCTefi. Caeayiomiie aeMMbi onncbiBaiOT 

CBH3H Me>Kfly KOJIMOrOpOBCKOH H nO/ICJIOBHOH CJIOJKHOCTbK). 

JleMMa 5.2.4. JJah npouseoAbuou x G B N 3am ak>6o20 n cyv^ecmeyem maKoe C , nmo 3ah 
jim6o20 m ^ n 3ah Kawcdozo u G Fac m (a;) eunoAHeno K{u) ^ \^~\ \og(p x (n)) + C . 

JJoKa3ameAbcmeo. Bo3bMeM cjiobo aaHHbi m, Bxoaamee b nocjieapBaTeabHOCTb. Pa3aejiHM 
ero Ha 6jiokh aaHHbi n (bcomojkho, nocjiejjHHH Sjiok 6yaeT HenojiHOH aaHHbi) — noayaHTca 
["— ] Sjiokob. Kaacjjbift H3 nojiyaHBHinxca 6jiokob — cjiobo aaHHbi n (nocaeaHee, bo3mo>kho, 
Kopoae n), Bxoaamee b nocaeapBaTeabHOCTb x. Bcero b nocaeapBaTeabHOCTb x bxo/iht p x (n) 
cjiob aaHHbi n, nosTOMy Ha 3aaaHHe Kaatapro H3 6jiokob apcTaTOHHO noTpaTHTb log(p x (n)) 
Shtob. KpoMe Toro, aaa 3aaaHHa aaHHbi nocaeaHero 6jiOKa apcTaTOHHO log log (p x (n)) 6htob, 
aTO ecTb KOHCTaHTa ot m. □ 

JleMMa 5.2.5. JJ^ah npou3eoAt>Hou x G B N 3ah aw6ozo n cyu^ecmeyem u G Fac n (x) ; manoe 
nmo K{u) ^ \og(p x {n)) . 

JJoKa3ameAt>cmeo. Bcero cjiob, HMeiomnx caoatHOCTb MeHbHie log^^n)), He Sojibine, aeM 
2 lo §(p^( n )) _ l = p x (n) — 1, nosTOMy xoTa 6bi oaHO h3 cjiob MHO>KecTBa Fac n (a;) HMeeT caoat- 
HOCTb He MeHbine, aeM \og(p x (n)). □ 

Ilpeaea Hindoo - log(p x (n)) cymecTByeT aaa jiioSoh nocaeapBaTeabHOCTH x h Ha3biBaeT- 
ca ee monoAOZunecKOU anmponueu (cm. [ZH ED]) ; mbi o6o3HaaaeM 3Ty BejinanHy aepe3 E t (x). 
3to flencTBHTejibHoe hhcjio Meacay Oil, HeKOTopbiM o6pa30M onncbiBaioraee, HacKOJibKO 
jj^eTepMHHHpoBaHa nocaeapBaTeabHOCTb: aeM Sanace E t (x) k 0, TeM 6oaee aeTepMHHHpoBaHa 
nocaeapBaTeabHOCTb x h TeM MeHee xaoTHHHa. Ecan nbiTaTbca onpeaeaaTb aHaaornaHyio 
ancaoByio xapaKTepncTHKy b TepMHHax KoaMoropoBCKoii caoatHOCTH, to ecTecTBeHHbiM bbi- 
6opoM SyaeT Ek(x) = lim^oo - max{K(u) : u G Fac n (x)}. H3 SToro onpeaeaeHna HeacHO 
aaace, Koraa cymecTByeT Ek(x), ho h3 jicmm I5T2.4I h [5T2751 Moaoio BbiBecra caeayiomee. 

TeopeMa 5.2.6. /Jam aw6ou nocAedoeameAbnocmu x hucao Ek(x) cyu^ecmeyem u pae- 
ho E t (x). 

/(oKa3ameAbcmeo. H3 aeMMbi [5.2.51 cpa3y caeayeT, hto - m&x{K(u) : u G Fac n (x)} ^ 
~\og(p x {n)), OTKy^a liminf^oo ~ m&x{K(u) : u G Fac„(x)} ^ E t (x). 

Tenepb 3a(pHKcnpyeM n. Tor^a aaa HeKOTopoii KOHCTaHTbi C fljia aioSoro m ^ n /yia aio- 
6orow G Fac m (x) HMeeM K(u) ^ \'^] \og(p x (n))+C . OTCiofla ^meix{K(u) : u G Fac m (x)} ^ 
^T^l !og(Px(n)) + £. CaeflOBaTeabHO, limsup^^ ^ max{K(u) : u G Fac m (x)} ^ \\og(p x {n)) 
jj;aa aio6oro n, OTKyjj;a caejj;yeT, hto limsup m ^ 00 — ma.x{K(u) : u G Fac m (x)} ^ E t (x). 

OTCiOfla noayaaeM, aTO E t (x) ^ liminfn^oo -max{K(u) : u G Fac n (a;)} 
^ limsup^^ - max{K(u) : u G Fac n (x)} ^ E t (x). Cae^OBaTeabHO, Ek(x) = E t (x). □ 
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Cjie^CTBne 5.2.7. J^ah ah>6oso < a < 1 cyu^ecmeyem noumu nepuoduuecKan nocAedoea- 
meAbHocmb x c guhucaumou ouphkou ceepxy na pezyjinmop noumu nepuoduHuocmu, maKan 
nmo E t (x) > a. 

JJoKa3ameAt>cmeo. ^eiicTBHTejibHO, nocjie^OBaTejibHOCTb H3 TeopeMbi 15.2.31 nojjxoiiHT, hto 
cjie;xyeT H3 TeopeMbi I5.2.6L □ 

OflHaKO, rnnoTe3a MyaHHKa ,n;o chx nop ocTaeTca otkpmtoh. 

6. ABTOMaTHbie h Mop<J>HHecKHe nocjie^OBaTejibHOCTH. Co- 

OTHOIIieHHa C nOHTH nepHO,U,HHHOCTbK) 

6.1. ABTOMaTHbie nocjie/jOBaTejibHOCTH 

JIio6aa 3aKjnoHHTejibHO nepHOjjHHecKaa nocjie^OBaTejibHOCTb, HanpHMep, 3142857142857142 . 
(inicppbi flecaTHHHoft 3anncn ancjia 22/7) MoaceT 6mtb nopojK^eHa ManiHHOH c kohchhoh na- 
MaTbio. ^ocTaTOHHO HMeTb HHcpopMaHHio o npejrnepHOire h nepHO/re nocjieflOBaTejibHOCTn: 
b HanieM cjiynae 3 h 142857. H Hao6opoT, jno6aa ManiHHa c KOHenHoft naMHTbio, nenaTa- 
lomaa CHMBOJibi KOHe^Horo ajicpaBHTa, nopoacflaeT 3aKjnoaHTejibHO nepnoflHaecKyio nocjie- 
flOBaTejiBHOCTb. /JeiicTBHTejibHO, bo BpeMa ee paSoTbi b KaKoii-TO momcht KOHcpHrypaniia 
ManiHHbi nojiHOCTbio coBna^eT c KaKOH-TO H3 yjKe BCTpenaBinnxca, h TaK HanHerca nepnojj; 
b bmxojihoh nocjie^OBaTejibHOCTH. 

Ecjih pa3peniHTb ManiHHe o6pamaTbca k CHMBOJiaM, HanncaHHbiM paHee, KJiacc nopojK- 
jj,aeMbix nocjie^OBaTejibHOCTeii cymecTBeHHO B03pacTeT. IlpH HeKOTopbix orpaHHaeHnax Ha 
nopa^OK, b kotopom paHee HanncaHHbie chmbojibi HHTaiOTca CHOBa, nojiyaaeM KJiacc aBTO- 
MaTHbix nocjie^OBaTejibHOCTeii, BBe^eHHbiH KoSxsmom b [71]. 

Hanpniviep, nocjie/roBaTejibHOCTb Tys — Mopca (cm. pa3jTeji [L3l t = 0110100110010110 . . . 
yzKDBJieTBopaeT cjie/ryiomeMy ycjiOBnio: ecjin Ha n-M MecTe ctoht 0, to Ha 2n-M n (2n + 1)-m 
SyijeT h 1 cooTBeTCTBeHHO, a ecjin Ha n-M MecTe 1, to, HaoSopoT, Ha 2n-M h (2n + 1)-m 

SyfleT 1 H COOTBeTCTBeHHO. 

Ko6x3M BBOJIHT HepapXHK) Ha aBTOMaTHblX nOCJie^OBaTejIbHOCTaX, B 3aBHCHMOCTH OT TO- 

ro, KaK jjajieKO Ha^;o 3arjiajTbiBaTb Ha3a,n;, htoSm y3HaTb TeKymiiH chmboji. B Zc-aBTOMaTHbix 
nocjie^OBaTejibHOCTax n-fi chmboji onpe/rejiaeT, hto ctoht Ha MecTax kn, kn+1, kn+2, . . . , (k+ 
l)n- I. 

Bojiee (popMajibHO, aBTOMaTHbie nocjie^OBaTejiBHOCTH mojkho onpe^ejiHTb cjie^yiomiiM 
o6pa30M. Ha caMOM jj,ejie, mm jj^hm ^a>Ke ,a,Ba (sKBHBajieHTHbix) onpe^ejieHHa. 

PaccMOTpHM KOHenHbiH aBTOMaT, jrencTByioinHH Ha cjiOBax b ajicpaBHTe = {0, 1, . . . , k— 
1}. KajK/roMy coctohhhk) aBTOMaTa cooTBeTCTByeT 6yKBa b hckotopom flpyroM ajicpaBHTe A 

(pa3HbIM COCTOHHHHM MOryT COOTBeTCTBOBaTb OJTHHaKOBbie SyKBbl). ABTOMaT flefiCTByeT TaK: 

nojiyaaeT Ha bxo/j, cjiobo b ajicpaBHTe npoH3BOflHT BbiancjieHHa h Bbi^aeT Ty SyKBy 
ajicpaBHTa A, KOTopaa cooTBeTCTByeT nocjieiiHeMy cocToaHHio b BbiaHCJieHHH. nocjieflOBa- 
TejibHOCTb x 6yKB ajicpaBHTa A Ha3biBaeTca k-aemoMamHou, ecjin cymecTByeT KOHenHbifl 
aBTOMaT BbinieyKa3aHHoro BH/ia, kotopmh, 6yjryaH 3anyineHHbiM Ha nncjie n, 3anHcaHHOM 
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b A;-hhhoh CHCTeMe cancjieHHa, BbiaaeT 6yKBy x(n). Kor^a acHO hjih hgb&jkho, o KaKOM k 
naeT peab, npHCTaBKy u k- n mbi 6yoeM onycKaTb. 
Tenepb onnnieM apyroii noaxoa,. 

HanoMHHM, hto OTo6pa>KeHHe 0: A* — > B* Ha3MBaeTca Mop(pH3MOM (A, B — KOHeaHbie 
aji(paBHTbi) , ecjin ajia jiioGmx u, v G A* BbinojiHeHO (j)(uv) = <f}(u)<j)(v). 5Icho, hto Mop- 

(pH3M nOJIHOCTbK) Onpe^ejIfleTCfl CBOHMH 3HaaeHHaMH Ha 0,aHo6yKBeHHMX CJIOBaX. Mop(pH3M 

Ha3MBaeTca /c-paBHOMepHMM, ecjin |0(a)| = k aaa Bcex a G A. 1-paBHOMepHbra MopcpH3M 
Ha3MBaeTca KO,aiipoBaHHeM. 

B 9tom pa3aejie mm paccMaTpiiBaeM Mop(pH3MM BHaa A* — > A*. IlycTb = su ajia 
HeKOTopbix s G A, u G A*. Toraa aaa Bcex HaTypajibHbix m < n cjiobo n (s) HaaHHa- 
eTca co cjiOBa m (s), TaK hto mojkho KoppeKTHO onpeaejiHTb = lim n ^ oo ra (s) = 

su(f)(u)(j) 2 (u)(f) 3 (u) . . . Ecjih Vn (f) n (u) 7^ A, to (jf°(s) SecKOHeaHa. B btom cjiyaae roBopaT, 
hto Mop(pH3M 4> npodo/iMcaeM ua s. IIocjieapBaTejibHOCTH BH^a h(4>°°(s)), ra,e h: A — > B — 
KOflnpoBaHHe, Ha3biBaiOTca MopgjuuecKUMu, Bnaa 4>°°(s) — Hucmo MopcfiwnecKUMU. 

TeopeMa 6.1.1 ([711 SO])- nocAedoeameAhHocmh k-aemoMamua mozda u moAKKO mosda, 
nozda oho, HGAHemcfi MopgjunecKou, noAyneuHou U3 k-paeuoMepnozo Mop$u3Ma. 

Bjiaro,aapa TeopeMe 16.1.11 mm hmcgm aBa SKBHBajieHTHbix onpeaeaeHHa aBTOMaTHbix no- 
cjie^OBaTejibHOCTeH . 

H3 onpeaeaeHHa bh^ho, hto aBTOMaTHaa nocjieapBaTejibHOCTb MoaceT 6mtb KOHeaHO onii- 
caHa — apcTaTOHHO jih6o 3aaaTb KOHeaHMH aBTOMaT, kotopmh ee nopoacaaeT, jih6o 3aaaTb 
nopoacaaioiHHH paBHOMepHbifl Mop(pH3M, SyKBy, c KOTopoii Haap HaaimaTb HTepnpoBaTb, h 
KoanpoBaHne. 3to 3HaanT, hto mojkho KoppeKTHO (popMyanpoBaTb BonpocM o pa3peniHMO- 

CTH pa3JIHHHMX CBOHCTB clBTOMElTHblX nOCJieaOBaTeabHOCTeH. 

B KOHTeKCTe 9toh CTaTbH aaa Hac Han6ojiee HHTepecHMM npeacTaBaaeTca cpaBHHBaTb 
pa3JiHHHbie onpeaeaeHHH nocjieapBaTeabHOCTeii, 6jih3khx k nepHoanaecKHM. 5Icho, Hanpn- 
Mep, hto cymecTByiOT iiohth nepHoanaecKHe nocjieapBaTeabHOCTH, He aBJiaionraeca aBTO- 
MaTHMMH — noHTH nepHoanaecKHx nocjie^OBaTejibHOCTen KOHTHHyy m , b to BpeMa KaK aBTO- 
MaTHbix, oaeBH^HO, caeTHoe KOJinaecTBO. H HaoSopoT, cymecTByiOT aBTOMaTHbie nocjieapBa- 
TejibHOCTH, He aBjiaiomneca noaTH nepHoanaecKHMH. ^eiicTBHTejibHO, nocjieapBaTeabHOCTb 
011010001000000010000000000000001. . . , y KOTopoii Ha KajK^OM 2 n -M MecTe ctoht 1, a Ha 
ocTajibHbix 0, 2-aBTOMaTHa (jierKO nocTpoHTb aBTOMaT, OTflejiHiomiiH ancjia BH^a 100. .. b 
,h,bohhhoh CHCTeMe caHCJieHHa ot Bcex ocTajibHbix) , ho He aBjiaeTca noaTH nepnoflHaecKOH. 

EcTecTBeHHO 3a^aTb Bonpoc o pa3peniHMOCTH CBOHCTBa noaTH nepno^HaHOCTH ^jia aB- 
TOMaTHbix nocjie^OBaTejibHOCTeH. 0Ka3MBaeTcn, Ha Hero Moa<HO OTBeTHTb noaoa<HTejibHO. 

TeopeMa 6.1.2 ([72], [73]). Cymecmeyem noAUHOMuaAbnuu no epeMenu aAsopurriM, Komo- 
puu no aemoMamnou nocAedoeameAbHocmu onpedeAnem, neAHemcH au oho. nonmu nepuo- 
duuecKou. 

Bjih3khmh k nepnoflnaecKHM aBTOMaTHbie nocjie^OBaTejibHOCTH MoatHO Ha3BaTb h em,e 
no oaHoii npnaHHe. HanoMHHM, hto ho^cjiobhoh cnoatHOCTbio nocjie^OBaTeabHOCTn x Ha3M- 
BaeTca TaKaa (pyHKH^na P: N — > N, hto P(n) paBHO KOJinaecTBy cjiob ^jihhm n, BXOflamHX 
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b nocjie^OBaTejibHOCTb x. J\jisi nocjie^OBaTejibHOCTea: b ajicpaBHTe H3 m chmbojiob no,ncjiOB- 
Haa cjiojkhoctb mo>kgt BapbnpoBaTbca ot 1 ,np m n . KaK ^OKa3aHO b [6J (cm. npe,njio>Ke- 
Hne ll.4.11 ). no^cjiOBHaa cjiokhoctb nocjie^OBaTejiBHOCTH orpaHHaeHa Tor,na h tojibko Tor,na, 
Koraa nocjieflOBaTejibHOCTb aBJiaeTca 3aKJnoaHTejibHO nepHoaiiaecKOH. 0Ka3biBaeTca, aTO 
noacJiOBHaa cjioacHOCTb aBTOMaTHbix nocjieapBaTejibHOCTeft Toace He cjihhikom BejiHKa. 

TeopeMa 6.1.3 ([71]). IIodcAoeHasi CAOwcHocmb aemoMamnou nocAedoeameAbHocmu He 60- 
Aee ueM Auneuna. 

TeM He MeHee, TeopeMa 16.2.51 noKa3biBaeT, hto aBTOMaTHbie nocjie^OBaTejiBHOCTH MoryT 
SbiTb flocTaToaHO aajieKH ot nepHoanaecKHx. 

HHTepecHO TaKace cjieayioiiiee cbohctbo 3aMKHyTOCTH aaa aBTOMaTHbix nocjieapBaTejib- 
HOCTen. 

TeopeMa 6.1.4 ([71]). Mnoatcecmeo k-aemoMamnux nocAedoeameAbHocmeu 3aMKHymo om- 
HocumeAbHO paenoMeptiux KOHeHHO-aemoMamuux npeo6pa,3oeaHuu. 

O KOHeaHO-aBTOMaTHbix npeo6pa30BaHHax cm. pa3,neji 12.31 (TyT Baa<HO OTMeTHTb, aTO 
"aBTOMaTbi" b "KOHeaHO-aBTOMaTHbix npeo6pa30BaHHax" h "aBTOMaTHbix nocjieapBaTejibHO- 
CTax" HMeiOT pa3Hbiii cmmcji.) ^OKasaTejibCTBO TeopeMbi 16.1.41 Moaoio Haft™ TaKace b [40j. 

6.2. Mepa anepnoflHHHOCTH 

IlepHOflHaecKHe nocjieapBaTejibHOCTH hmciot caMyio npocTyio CTpyKTypy cpeaii Bcex no- 
cjie^OBaTejibHOCTeii Haa, KOHeaHbiM ajicpaBHTOM, nosTOMy ecTecTBeHHO 6biJio 6bi HayaHTbca 
H3MepaTb, HacKOJibKO aaHHaa nocjieapBaTejibHOCTb aaaeKa ot jno6oft nepHoanaecKoft. B |74j 
BBO^HTca noHaTHe Mepbi anepHoanaHOCTH nocjieapBaTejibHOCTH. HecpopMajibHO, Mepa ane- 
pno^HaHOCTH nocjie^OBaTejiBHOCTH — 3to MaKCHMajibHoe TaKoe ancjio a, aTO nocjieapBa- 

TejIbHOCTb C JIIoSbIM CBOHM HeTpHBHajIbHbIM CflBHrOM HMeeT XOTH 6bl flOJIIO OL pa3JIHHHH. 

OopMajibHoe onpeaeaeHne SToro noHaTHa ocHOBaHO Ha aiiCKpeTHOM aHajiore paccToaHHa 
Be3HKOBHaa ds, HcnojiB30BaHHOM b [6] aaa onpeaeaeHHa noaTH nepHoanaecKHx no Be3H- 
KOBHay nocjie^OBaTejiBHOCTeH, cm. c. El Tot ace noaxoa, Smji Hcnojib30BaH b |75| aaa onpe- 
aeaeHHa a-anepHoanaecKHx nocjieapBaTejibHOCTeft. IIo cyniecTBy, b [75] 6bijio 3aMeaeHO, b 
Hanieii TepMHHOJiornH, hto ecjin AM(x) > a aaa nocjieapBaTejibHOCTH x, to x HaxoaiiTca Ha 
paccToaHHH xoTa 6bi a/2 ot jiio6oh 3aKJiioaHTejibHO nepHoaiiaecKoft nocjieapBaTejibHOCTH, 
b CMbicjie paccToaHHa ds- 

HanoMHHM (cm. pa3aeji d|) , aTO paccToaHne Be3HKOBHaa onpeaeaaeTca KaK ds{x, y) = 
liminf : ^ i ^ n — l,x(i) 7^ y(i)}- OnpeaeanM Mepy anepuoduHHOcmu AM(x) = 

inf {dsix, L n x) : n ^ 1}, rae L o6o3HaaaeT onepaiiino jieBoro caBHra. ,TpyrHMH cjiOBaMH, 
AM(x) — 3to MaKCHMajibHoe TaKoe hhcjio ot flo 1, hto mojkho yTBepacaaTb, hto y no- 
cjie^OBaTejibHOCTH x c jhoSmm ee co6cTBeHHbiM caBHroM xoTa 6bi apjia AM(x) chmbojiob 
pa3JinaHbi. 

0,hhhm H3 mothbob aaa H3yaeHHa noHHTHH Mepbi anepno^HaHOCTH CTajia cjieayioniaa 
rnnoTe3a B. ,TiopaHa h A. LQeHa: JJaji ak>6oso a < 1 cymecmeyem aemoMamnan nocAedo- 
eameAbHocmb x, manan umo AM(rr) ^ a. 3Ta rnnoTe3a apKa3aHa b [74J, cm. TeopeMy I6.2.5L 
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TeopeMa 16.2.51 no3BOJifleT ynpocraTb KOHCTpyKn,Hio chjibho anepHO,a,HHecKoro 3aMomeHHH 
H3 [75]. 

KpoMe Toro, noHHTHe Mepbi anepHO^HHHOCTH ^ocTaTOHHO gctgctbghho h npocTO, hto6bi 
npeflCTaBJiaTb caMOCTOHTejibHbift HHTepec. 

5Icho, hto ecjin nocjie^OBaTejibHOCTb x 3aKJHOHHTejibHO nepno^HHecKaa c nepnoflOM p, 
to d,B(x,L p x) — On, cneflOBaTejibHO, AM(i) = 0. 06paTHoe He Bcer^a BepHO — Hecjio»cHO 
npHBecTH npHMep anepHO,a,HHecKOH nocjieflOBaTejibHOCTH, Mepa anepnoflHHHOCTH KOTopoft 
paBHa 0. TeM He MeHee ecTecTBeHHO CHHTaTb, hto neM MeHbHie hhcjio AM(i), TeM 6jih- 
»ce x k nepHO^HHecKoii nocneflOBaTejibHOCTH. B [74J ^OKa3aHO, hto AM(i) = 0, ecjin x - 
nocjie^OBaTejibHOCTb UlTypMa (TeopeMa 16.2.4ft . 

Ecjih b BbinieynoMHHyTOH rnnoTe3e He TpeSoBaTb aBTOMaTHOCTH nocjie^OBaTejibHOCTH, 
to yTBep>KfleHHe CTaHOBHTCH noHTH oneBH^HbiM. 

TeopeMa 6.2.1 (|74|). Ilycmb x — cjiyuaunan nocAedoeameAbHocmb e aAffiaeume U3 k 
CUM60A06. Tosda AM(x) = \. 

HecjiojKHO noKa3aTb, hto ^jih (pnKcnpoBaHHoro ajKpaBHTa mojkho ,a;aTb h BepxHioio oireH- 
Ky Ha Mepy anepHO^HHHOCTH. 

TeopeMa 6.2.2 ([74]). Ecau nocAedoeameAbHocmb x cocmoum U3 ne 6oAee neM k cuMeoAoe, 
mo AM(ar) ^ 1 - ^. 

HHTepecHO TaKJKe nocHHTaTb Mepy anepnoflHHHOCTH HeKOTopbix xoponio H3BecTHbix no- 
cjie^OBaTejibHOCTeH . 

TeopeMa 6.2.3 ([74]). AM(t) = §. 

SaMeTHM, hto no cymecTBy b [6] Sbijio ^OKa3aHO AM(t) ^ 1/4. 

TeopeMa 6.2.4 ([74]). Ecau x — nocAedoeameAbHocmb IUmypMa, mo AM(x) = 0. 

Tenepb npHBe^eM KOHCTpyKHHio aBTOMaTHOH nocjie^OBaTejibHOCTH c MepoM anepno^HH- 
hocth, CKOJib yro^HO 6jih3koh k 1. 

IlycTb k ^ 3 h 0: {0, . . . , k — 1}* — > {0, . . . , k — 1}* — MopcpH3M, TaKofi hto (0(i))(j) = 
i + 1 + 2 ^ — • + (j — 1) + j fljia < i, j ^ k — 1, r^e + Bcer^a SepeTca no MO^yjiio k, a u{i) 
o6o3HanaeT i-m chmboji KOHenHoro cjiOBa u. IIojiokhm Xk = 0°°(O). HanpHMep, ecjin k = 5, 
to nojiynaeTCH tekhmi 

0(0) = 01310 
0(1) = 12421 
0(2) = 23032 
0(3) = 34143 
0(4) = 40204, 

h x 5 = 013101242134143124210131012421 . . . 

Mojkho flOKa3aTb (cm. [74]), hto ecjin k npocToe, to AM(ij.) = 1 — |. TaKHM o6pa30M, 
nojiynaeM cjie^yioinHH pe3yjibTaT. 
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TeopeMa 6.2.5 ([74]). /Jam jik>6ozo a < 1 cywtficmeyem aemoMamnaH nocjiedoeameAb- 
Hocmb x, manasi nmo AM(x) ^ a. 

B 3aKjnoneHHe npHBe^eM HHTepecHbie OTKpbiTbie Bonpocbi o Mepe anepHOJTHHHOCTH 6ec- 

KOHeHHblX IIOCJIG^OBclTejIbHOCTGH. 

IIpo6jieMa 16. 1) ,Hjih Ka>Kfloro k ^ 2 KaKOBO MaKCHMajibHoe 3HaneHHe AM(x) jijih x b 
aji(paBHTG H3 k chmbojiob (nHTepecHO cpaBHHTb TeopeMy 16.2. II c TeopeMofi 16.2.21) ? Mm npejj,- 
nojiaraeM, hto bto 3HaneHHe paBHO 1 — r. 

2) ^jih Ka>K^oro k ^ 2 KaKOBO MaKCHMajibHoe 3HaneHHe AM(x) ,a,Jia aBTOMaTHbix nocjie^o- 
BaTejibHOCTen x b ajicpaBHTe H3 k chmbojiob? 

3) ^Jia KajKjj;oro ^ 2 KaKOBO MaKCHMajibHoe 3HaneHHe AM(x) jijih /c-aBTOMaTHbix nocjie- 
^OBaTejibHOCTefl xl 

IIpo6jieMa 17. ^Jia KaKiix nocjieflOBaTejibHOCTen x mojkho b3htb npe/xeji BMecTO BepxHero 
npe^ejia b BbipajKeHHH dB(x,L n x) = limsup^#{i G [to — 1] : x(i) ^ x(i +n)}, to ecTb 
Kor^a 3tot npe^eji cymecTByeT? B nacTHOCTH, BepHO jih sto ,a,jia aBTOMaTHbix nocjie^OBa- 
TejiBHOCTeii? BepHO jih, hto ecjin 3tot npe^eji cymecTByeT jjjisi n = 1, to oh cymecTByeT 
iijih Bcex n? 

ITpo6jieMa 18. nocHHTaiiTe Mepy anepHOjjHHHOCTH ^pyrnx H3BecTHbix nocjieflOBaTejiBHO- 
CTefi h KjiaccoB nocjie^OBaTejibHOCTen, HanpHMep, nocjieflOBaTejibHOCTeii Tenjinua (cm. pa3- 
/reji I7.4p . KaKHx-Hn6yjj;b aBTOMaTHbix h Mop(pHnecKnx nocjie;j;oBaTejibHOCTeH (cm. pa3/j;e- 
jibi 16.11 h I6.3D . KaKiix-HiiSyjTb o6o6meHHH nocjieflOBaTejibHOCTen LQTypMa (cm. pa3 jeji [T~4l) . 

II T. R. 

6.3. MopcJ)HHecKHe nocjie^OBaTejibHOCTH 

B pa3j;ejie 16.11 mm bbcjiii noHHTiie aBTOMaTHbix nocjieflOBaTejibHOCTen. Ojthh h3 cnoco6oB hx 
onpejj;ejiHTb ncnojib3yeT Mopcpnnecioie nocjiejj;oBaTejibHOCTii, nopojKireHHbie paBHOMepHMMii 
Mopcpn3MaMn. B KanecTBe ecTecTBeHHoro o6o6meHHfl mojkho paccMaTpnBaTb MopcpnnecKne 
nocjieflOBaTejiBHOCTH, nopo»cjj,eHHbie MopcpH3MaMii npoii3BOJiBHoro Bnjj,a. 

Kjiacc Mop(pHHecKiix nocjie^OBaTejibHOCTen, oneBnjjHO, iniipe Kjiacca aBTOMaTHbix nocjie- 
jj;oBaTejibHOCTeii. HanpHMep, nocjie/rpBaTejibHOCTb <Dn6oHaHHn f = 0100101001001 . . . (cm. 
pa3iieji [T~4l) hbjihctch hhcto Mop(pnnecKon, nopo^K/reHHon Mop(pn3MOM 0— ^ 01, 1 — > 0, ho 
He aBjiHeTCH aBTOMaTHoii. 

5Icho TaK>Ke , hto Kjiacc Mop(pnnecKnx nocjiejj,OBaTejiBHOCTeH Haxo^HTca b oSmeM no- 
jio>KeHHH c KjiaccoM noHTH nepHOjj,HHecKHx nocjiejj,OBaTejiBHOCTeH. KaK h b pa3jj,ejie 16.11 
(cm. TeopeMy 16.1.21) . B03HHKaeT ecTecTBeHHbiii Bonpoc o pa3peniHMOCTH noHTH nepnojTHHHO- 
cth jj;jih Mop(pHnecKHx nocjie/rpBaTejibHOCTen. O/iHaKO b stom cjiynae npo6jieMa /to chx nop 
He penieHa. 

THnoTe3a 19. Cyvjficmeyem aAzopumM, Komopuu no MopcfiunecKou nocAedoeameAbHocmu 
onpedeAJiem, HeAHemcn au ona noumu nepuodunecKou. 
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B o^hom H3 nacrabix cjiynaeB — cjiynae aBTOMarabix nocne^OBaTejibHOCTen — otbct 
Ha Bonpoc o pa3peninMOCTH nojioJKHTejiBHbiii (TeopeMa 16. 1.21) . Otbgt nojioxaiTejibHbra n b 
flpyroM nacTHOM cjiynae hhcto Mop(pnnecKnx nocjie^OBaTejibHOCTen. 

TeopeMa 6.3.1 ([72|, [73j) . Cymecmeyem noAUHOMuaAbnuu no epeMenu ajizopumM, Komo- 
puu no uucmo MopcfiuuecKou nocAedoeameAbnocmu onpedeAnem, neAHemcn au oho, noumu 
nepuoduuecKou. 

Bo MHoroM CBOHCTBa MopcpHHecKHx nocneflOBaTejibHOCTen npome cbohctb nonTH nepn- 
o^HHecKHx. Hanpniviep, MOHa^nnecKaa Teopna Mop(pnnecKon nocjie^OBaTejibHOCTH Bcer^a 
pa3peniHMa (o MOHaflnnecKnx Teopnax cm. pa3^ieji IBTTl) . 

TeopeMa 6.3.2 ([57]). MonaduuecKan meopua MoptfiuuecKou nocAedoeameAbnocmu pa3pe- 
muMa. 

TeopeMa 16.3.21 ccpopMyimpoBaHa n ,n;oKa3aHa b |57j, o^HaKO HecjiojKHO cjie^yeT n h3 Sojiee 
paHHHx pe3yjibTaTOB. ^encTBHTejibHO, b [76] ^OKa3aHO cjie,a,yiomee yTBepx^eHne. 

TeopeMa 6.3.3 ([76]). Kaclcc MoptfiunecKux nocAedoeameAbnocmeu 3aMKnym omnocumeAb- 
ho KOHeHHO-aemoMamnux npeo6pa3oeanuu. 

O KOHe^HO-aBTOMaTHbix npeo6pa30BaHHHx cm. pa3^ieji l2T3l ,I[oKa3aTejibCTBO TeopeMbi 16.3.31 

MOJKHO HaHTH TaK>Ke B [40j . H3 ^OKa3aTejIbCTBa HeCJIO>KHO BH^eTb, HTO yTBep>KfleHHe 3TOH 

TeopeMbi 3(p(peKTHBHO, to ecTb no KOHenHO-aBTOMaTHOMy npeo6pa30BaTejiio M n onncaHnio 
MopcpnnecKon nocjie^OBaTejibHOCTH x mojkho nojiynnTb onncaHne MopcpnnecKon nocjie^OBa- 
TejibHOCTH M(x). 5Icho TaKJKe, hto cymecTByeT (nojiHHOMnajibHbin) ajiropiiTM, kotopmh no 
jnoSoMy CHMBOJiy n Mop(pnnecKon nocjie^OBaTejibHOCTn onpe^ejiaeT, bxo^ht jih 3tot chmboji 
b nocjie^OBaTejibHOCTb SecKOHenHoe KOJinnecTBO pa3 (^OKa3aTejibCTBO moxho HaiiTH b [T3J ) . 
H3 BToro cjie^yeT (aHajiornnHO TOMy, KaK sto nojiynaeTca b 13.11 ,a,Jia o6o6iu,eHHO non™ 
nepnoflnnecKHX nocjieflOBaTejibHOCTen) , hto MOHaflnnecKaa Teopna MopcpnnecKon nocjie^o- 
BaTejibHOCTH pa3peniHMa. 

TaK>Ke HHTepecHO noHaTb, hto mo>kho CKa3aTb npo noflCJiOBHyio cjiokhoctb Mopcpnne- 
ckhx nocjieflOBaTejibHOCTen. B cepnn pa6oT, 3aBepmaioineHca pa6oTofi [77J, ^OKa3aHO, hto 
noflCJiOBHaa cjiojkhoctb nncTO MopcpnnecKon nocjieflOBaTejibHOCTn MoaceT yapBjieTBopaTb 
oflHon H3 naTH cjie^yiomnx acnMnTOTHK: 0(1), 0(n), 0(nloglogn), 6(nlogn), 9(n 2 ). Ilpo 
no^cjiOBHyio cjiojkhoctb MopcpnnecKnx nocjie^OBaTejibHOCTen npon3BOJibHoro Bn^a ^ojiroe 
BpeMa 6bijio Hnnero Hen3BecTH0. B [78] noKa3aHO, hto cymecTByiOT npnMepbi Mopcpnne- 
ckhx nocjie^OBaTejibHOCTen c noflCJiOBHon cjio^khoctbio Bn^a 0(n 1+ fc) fljia Ka>Kfloro fc£N. 
HaKOHen;, b |79| c(popMyjinpoBaHO n b |80| 6yn;eT flOKa3aHO cjieflyiomee. 

TeopeMa 6.3.4 ( |79l [80j ) - TIodcAoenasi CAOwcnocmb MopcfiunecKou nocAedoeameAbnocmu 
UMeem odun U3 CAedytomiix eudoe: 0{n\ogn), 0(n 1+ k) 3am nenomoposo k G N. Kawcduu 
U3 yna3anHux kaclccog nenycm. 

TaKHM o6pa30M, ^jia nojmoro onncaHna B03M0)KHbix acnMnTOTHK no^cjiOBHon cjio>k- 
hocth MopcpnnecKon nocjieflOBaTejibHOCTH ocTajiocb pa3o6paTbca noflpo6Hee co cjiynaeM 
0{n log n). Mojkho ccpopMyjinpoBaTb cjie^yioinyio rnnoTe3y. 
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rnnoTe3a 20 ([79^ [80])- nodcAoenan CAOotcuocmb Moptfiunecnou nocAedoeameAbHocmu UMe- 
em oduu us CAedywv^ux eudoe: 0(1), 0(n), 0(n loglogn), 0(nlogn), Q(n l+ k) Bah hcko- 
mopozo fcGff. Kaotcduu U3 yna3aHHux KJiaccoe nenycm. 

0Ka3biBaeTca, npo aoacaoBayio cjiokhoctb MopcpaaecKoii aocaeapBaTeabaocTa mo>kho 
CKa3aTb ropa3ap 6ojibine, ecjin aaaoacaTb apaoaaaTeababie ycaoBaa. 

TeopeMa 6.3.5 ([73]). nodcAoeuan CAOMcnocmb MopfyuuecKou noumu nepuoduuecKou no- 
cAedoeameAbHocmu ne 6oAee ueM Auneuna. 

Cm. TaKJKG caeacTBae I6.4.4L 

IljiaH ^OKa3aTejibCTBa TeopeMbi 16.3.51 coa,epa<aTca b hgckojibkhx caeayioaarx jieMMax. 
BaaaMO, KJiiOTeBoii ayacao caaTaTb Jieiviiviy [6.3.101 ,Hpyrae Baacabie BcnoivioraTejibHbie jieM- 
mm — 3to aeMMbi 16.3.61 a I6.3.8L JleMMbi 16.3.71 a 16.3.91 TexaaaecKae. 

J\jir aoaaMaaaa ajiaaa apKa3aTeabCTBa aoaaap6aTca aecKOJibKO apaoaaaTeababix oape- 
aeaeaaii. IlycTb 0: A* — > A* — aeKOTopbiii Mopcpa3M. Ha30BeM ero npuMumueHUM, ecjia cy- 
mecTByeT Taxoe n, hto aaa Bcex a, 6 G A cjiobo n (a) coaepacaT b. Cjiobo w G A* aa3biBaeTca 
(p-ospanuneHHUM, ecjia aocaeapBaTeabaocTb Koaeaabix caoB (w, 4>(w) } (j) 2 (w) } (j) 3 (w) } . . . ) ae- 
paoaaaaa c aeKOToporo MecTa. CaoBO w <E A* aa3biBaeTca (p-eospacmawu^uM, ecaa |0 n (w)| — 
oo apa n — > oo. 5Icao, aTO Kaacape caoBO a3 A* aa6o 0-orpaaaaeaaoe, aa6o 0-BO3pacTaioai;ee. 
Mop(pa3M aa3biBaeTca eospacmaiomuM, ecaa \4>(a)\ > 2 fljia aioSoro a G A. 

JleMMa 6.3.6. IJodcAoenasi CAOofcuocmb uucmo MopcfiuuecKou nocAedoeameAbHocmu, no- 
poMcdeuHou npuMumueHUM Mopcf)U3MOM, ne 6oAee ueM Auueuna. 

JleMMa 16.3.61 b hbhom Baae apKa3aaa b [81 j aaa b [40J (TeopeMa 10.4.12), ao Taxace 
caeayeT B3 pe3yabTaTOB pa6oTbi |77| . 

JleMMa 6.3.7. Ilycmb A, B — Koneunue aAtfiaeumu, f : A* — > B* — necmupawu^uu Mop- 
$U3M, u nycmb MaKCUMaAbuan dAuna f(a) no eceM a G A paena M. Tosda pf^ x ){n) ^ 
Mp x (n) 3ah KdMcdou nocAedoeameAbHocmu x G A n u n G N. 

JleMMy 16.3.71 Moacao aaiiTa b [40] (TeopeMa 10.2.4). 

JleMMa 6.3.8 (|77j). nycmb A — KoueuHuu aA$aeum, sGi, u </>: A* — > A* — Mop$u3M, 
npodoAMcaeMUU na s. IIpednoAootcuM, umo MHOMcecmeo eceeo3MOOtcnux (p-ospanuuenHux 
nodcAoe nocAedoeameAbHocmu 0°°(s) kohcuho. Tozda 0°°(s) Mocncem 6umb npedcmaeAena 
nan o6pa3 nod deucmeueM uecmupawu^ezo Mop$u3Ma uucmo Mop$uuecKou nocAedoeameAb- 
Hocmu, nopocHcdeuHou eospacmawu^uM mop$u3mom. 

JleMMa 6.3.9. Ilycmb B — kohchhuu aAffiaeum, 0: B* — > B* — eo3pacmaK>ut,uu Mop$u3M. 
Tozda cymecmeyem namypaAbuoe n u manasi 6ynea t G B, umo Mop$u3M (f) n npodoAwcaeM 
na t. 

JleMMa 6.3.10. ^ah naotcdou uucmo Mopq^unecKou nocAedoeameAbHocmu x , nopoofcdeuHou 
603pacmaK>muM Mopcf)U3MOM, cyu^ecmeyem uucmo MopqiuuecKatt nocAedoeameAbuocmb y, 
nopocHcdeuHasi npuMumueHUM Mopcf)U3MOM, manasi umo Fac(?/) C Fac(x). 
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Ilppi noMonni yKa3aHHbix jieMM mojkho ^OKa3aTb TeopeMy I6.3.5L /JoKa3aTejibCTBO Teope- 
Mbi h ^OKa3aTejibCTBa jigmm mo>kho HaiiTH b [73J. 

B jj,ajibHennieM npe^CTaBjiaeTca HHTepecHbiM npo^ojDKHTb H3yneHne no^cjiOBHoii cjio>k- 
hocth MopcpHnecKHx nocjieflOBaTejibHOCTen, b tom nncjie MopcpnnecKnx nocjie^OBaTejibHO- 

CTefl C pa3HbIMH flOnOJIHHTejIbHblMH OrpaHHMeHHJIMH. 

6.4. HopMajibHbie HHCJia h rnnoTe3a Bopejia 

IIpo6jieMa 21. PaccMOTpnM /xecaTHHHyio 3anncb nncjia \J2 KaK nocjie/xoBaTejibHOCTb 6yKB 
KOHe^Horo ajicpaBHTa. 5lBJiaeTca jih 3Ta nocjieflOBaTejibHOCTb iiohth nepnoflnnecKon? 5Ibji5i- 

eTCH JIH OHa MOpCpH^eCKOH? ABTOMaTHOH? 

Ilo Been bh^hmocth, npo6jieMa [21] oneHb cjio>KHaa. Hn>Ke ^aHbi HeKOTopbie npnnHHM b 
nojj,TBepjK^eHHe TaKoii tohkh 3peHna. B H3Jio>KeHnn BToro pa3Jj,ejia mm b ochobhom cjie^yeM 
o63opHofi CTaTbe [82| . J\ji%- HeKOTopbix TeopeM mm npnBOJXHM ynpomeHHbie ocjia6jieHHbie 
(popMyjinpoBKH. nojj;po6Hee cm. |82| . 

JXjisi npocTOTM Bee fleHCTBHTejiBHbie niicjia b stom pa3flejie 6yjj,eM cnnTaTb jie>KaiiniMH Ha 
HHTepBajie [0, 1). LlycTb x — jj,encTBHTejibHoe hhcjio, b E N. 3annnieM x b ciiCTeMe cnncjieHna 
c ocHOBaHiieM b: x = 0,a;(0)a;(l)a;(2) .... nocjie^OBaTejibHOCTb x(0)x(l)x(2) . . . b ajicpaBHTe 
E& = {0, 1, . . . , b — 1} o6o3HanHM Torjja Xb. 

Ha30BeM fleficTBHTejibHoe hhcjio x HopMaAWUM, ecjiii oho o6jiajjaeT cjie/xyiomHM cboh- 
ctbom: fljiH jnoSoro b G N Bee cjiOBa jj,jihhm n b ajicpaBHTe Ej, bxo^ht b nocjie^OBaTejibHOCTb 
Xb SecKOHenHO MHoro pa3 c o,a,HHaKOBOH nacTOToii l/b n . Bopejib jj,OKa3aji, hto nonTH Bee (no 
Mepe Jle6era) j^ghctbhtgjibhbig nncjia HBjiaioTca HopMajiBHbiMH [83]. TaKHM o6pa30M, Hop- 
MajibHOCTb mojkho BOcnpiiHHMaTb KaK cbohctbo, KOTopoMy yflOBJiGTBopaGT jiioSog cjiynaimo 

B33T0G HHCJIO. 

HanOMHHM, HTO flGHCTBHTGJIbHOG HHCJIO Ha3MBaGTC3 0,ASe6paUHeCKUM , GCJIH OHO HBJIHGTCH 
KOpHGM HGKOTOpOrO MHOrOHJIGHa OT OJJ,HOH nGpGMGHHOH C nejIMMH KOSCpCpHIHlGHTaMH. BepHO 

jih, hto ajire6paHnecKHe nncjia He cjiynanHM? Bopejib npeflnojioJKHji, hto HeT, b cjie^yiomeM 

CMMCJie. 

THnoTe3a 22 ([84J). JIw6oe cui2e6pauHecKoe uppai^uonaAbHoe hucao HeAHemcn HopjuaAb- 

HUM. 

3Ta rnnoTe3a no-npeaoieMy ocTaeTca He^OKa3aHHOH. B nacTHOCTn, H3 rnnoTe3M Bopejia 
cjie^yeT, hto ,a,ecaTHHHaa 3anncb nncjia y/2 (KaK h 3aniicb no JiioSoMy ocHOBaHiiio, 6ojibnieMy 
1, JiioSoro ajireGpaiinecKoro nppainiOHajibHoro nacjia) He aBjiaeTca noHTii nepno,a,nnecKoii. 
Ho Jo;oKa3aTb 3to, no Been bhjxhmocth, flOBOJibHO cjiojkho. 

He JxpKa3aH n cjiejjyioinHH, 6ojiee cjia6bin BapnaHT rnnoTe3M Bopejia. 

THnoTe3a 23. JJaji aw6ozo b ^ 3 u ak>6oso aAse6paunecKoso uppai^uonaAbHoso hucao, x 
KdMcduu CUM60A (lAcjjaeuma exodum e Xb xomn 6u odun pa.3. 

TaKace He H3BecTHO hh o^Horo HBHoro npnMepa TpoiiKH x, a, 6, r^e x — ajireSpannecKoe 
nppan;HOHajibHoe nncjio, b — HaTypajibHoe hhcjio, o 6 E(,, fljia kotopmx mojkho JxpKa3aTb, 
hto a bxojo;ht b Xb SecKOHenHO MHoro pa3. 
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Ilo Bceii bh^hmocth, rnnoTe3a Bopejia oaeHb cjio>KHa. O^HaKO moxho nbiTaTbca fljia 
pa3JiHHHbix KjiaccoB nocjie^OBaTejibHOCTen ,a,OKa3biBaTb, hto hh o^,Ha nocjie^OBaTejibHOCTb 
H3 SToro Kjiacca He MOJKeT Sbitb 3anncbio ajireGpanaecKoro HppaHHOHajibHoro HHCJia. Cjie- 
.zryiomaa ocjiaSjieHHaa cpopMyjinpoBKa rnnoTe3bi Bopejia TaioKe He flOKa3aHa. HanoMHHM, 
hto Pj, o6o3HanaeT no^cjiOBHyio cjiojkhoctb nocjieflOBaTejibHOCTH y. 

rnnoTe3a 24. Ecau x — aAse6pauHecnoe uppau ) uoHdAbHoe hucao, u b EN, mo P Xb ( n ) = b". 
PaccMOTpHM cjie,zryiOHryio nepecpopMyjinpoBKy. 

THnoTe3a 24'. Ilycmb x — deucmeumeAbHoe hucao, b E N u V Xb ( n ) < b n . Tosda x pau,uo- 
HQAbHO uau mpaHcufindeumHO . 

,Ha>Ke h 3Ta rnnoTe3a, no Been bh^hmocth, aBJiaeTca oneHb cjiojkhoh. H3BecTHbi cjiefly- 
lomne ropa3^o 6ojiee cjia6bie pe3yjibTaTbi. 

TeopeMa 6.4.1 ([HH]). Ilycmb x — deucmeumeAbHoe hucao. Ecau x^ neAHemcn nocAedo- 
eameAbHocmbw Rlmypjua, mo x mpaHcu ) eHdenmHO. 

B aacTHOCTH, HanpHMep, ^BOHHHaa 3anncb \/2 He HBjiaeTca nocjie^OBaTejibHOCTbio LQTyp- 
Ma. Bnocjie^CTBHH 6bijio nojiyneHO 6ojiee cnjibHoe yTBepx^eHHe. 

TeopeMa 6.4.2 (|8(i|). Ilycmb x — deucmeumeAbHoe hucao, b EN u P Xb ( n ) — 0(n). Tozda 
x pau^ioHCLAbHO uau mpaHci^eudeHmHO. 

OTCiofla aBTopbi cpa3y nojiynaiOT TaKoe cjieflCTBne. 

Cjie^CTBHe 6.4.3. Ilycmb x — deucmeumeAbHoe hucao, b E N, u Xb — aemoMamuaH 
nocAedoeameAbHocmb. Tosda x pau,uoHaAbHO uau mpaHcu,eHdeHmHO. 

floKasameAbcmeo. Cjie^yeT H3 TeopeMbi 16.1.31 h TeopeMbi I6.4.2L □ 

Mm me Tenepb MOxceM nojiyHHTb h eme o^ho jiio6onbiTHoe cne^CTBHe. 

Cjie^CTBHe 6.4.4. Ilycmb x — deucmeumeAbHoe hucao, b E N, u Xb — MopfyunecKan 
nonmu nepuoduHecKdH nocAedoeameAbHocmb. Tozda x pau ) uoHa,AbHO uau mpaHcufindeumHO. 

fl,OKa3ameAbcmeo. Cjie^yeT H3 TeopeMbi 16.3.51 h TeopeMbi I6.4.2L □ 

B |86j TaK»ce cpopMyjiiipyeTca cjieflyiomaH riinoTe3a. 

rnnoTe3a 25. Ilycmb x — deucmeumeAbHoe hucao, b E N u Xb — MoptfiuHecKasi nocAedo- 
eameAbuocmb. Tozda x pai^uoHaAbHO uau mpaHcv^endeHmHO. 

MacTHbie cjiyaaii stoh riinoTe3bi ^OKa3aHbi b [86], o^hh h3 TaKiix cjiyaaeB — cjie^- 
CTBHe I6A31 (KOTopoe TaKJKe aBJiaeTca OTBeTOM Ha Bonpoc KoSxsMa H3 |87|). CymecTBeHHoe 
npo^BHJKeHHe b stoh rnnoTe3e (b nacTHOCTH, noRpbiBaiomee pe3yjibTaT cjie^CTBHa 16.4.41 ) 
nojiyaeHO b |88j. 




H HaKOHen;, caMbiM cmibHbiM pe3yjibTaTOM b stoh cepnn Ha HacToamiiH momcht aBJiaeTca 
cjie^yiomiiH. 
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TeopeMa 6.4.5 (|89|). Ilycmb x — deucmeumejihuoe hucao, b G N u V Xb {n) = 0{n(\ogn) e ) 
3ah neKomoposo nojwMcumejibHozo deucmeumeAbHoso hucao, 9 < 1/11. Tosda x pav^uonaAb- 
ho uau inpaHci^eHdeHmHO. 

Bhjjho, hto oh eme no-npeaaieMy oaeHb ,zrajieK ot rnnoTe3bi Bopejia. 

7. Bjih30ctb k nepno^HHHOCTH: ajibTepHaTHBHbie no^xo^bi 

B 3tom pa3jj,ejie mm roBopnM o HecKOJibKO MeHee H3BecTHbix h MeHee H3yaeHHbix, ho TaKace 
HHTepecHbix BapnaHTax hohhthh, o6o6r±raioru,Hx nonarae nepHOJjHaecKOH nocjie^OBaTejibHO- 

CTH. 

7.1. KBa3HnepHOflHHecKHe nocjie^OBaTejibHOCTH 

B [90, 91J 6bijia npefljioateHa cjiejjyiomaa Hjj,ea o6o6meHHa noHaTna nepHO^HHHOCTH. Byjj,eM 

TOBOpHTb, HTO KOHeHHOe CJIOBO W HBJIfleTCfl KBa3HnepHO^OM X (KOHeHHOrO CJIOBa HJIH 6eCKO- 

HeHHofi nocjie^OBaTejibHOCTH), ecjin KajK/jyio no3HHHio b x mojkho noKpbiTb BxojKfleHneM w 
b x. Bojiee (popMajibHO, /j;jia Kaacfloro i : 1 ^ i ^ HaftjjyTca k,l : k ^ i ^ I, Taiaie hto 
= w (fljia 6ecKOHeHHoro x mojkho nojiojKHTb \x\ = oo). 
KoHenHoe cjiobo Kea3unepuoduHHO, ecjin y Hero ecTb xoTa 6bi o^hh KBa3HnepHO,ii, ot- 
jiHHHbiH ot Hero caMoro; b npoTHBHOM cjiyaae cjiobo Ha3biBaiOT MHHHMajibHbiM (hjih b |92j 

CynepnpHMHTHBHbIM). Y KajKJjprO KOHCHHOrO CJIOBa eCTb pOBHO O/IHH MHHHMajIbHblH KBa3H- 

nepnojj; (cm. [92]). 

Ilocjiejj;oBaTejibHOCTb Ha3biBaeTca KeasunepuoduuecKou, ecjin y Hee cymecTByeT xoTa 6bi 
ojj,hh KBa3HnepHOfl. Kjiacc Bcex KBa3HnepHO,a,HHecKHx nocjieflOBaTejibHOCTen o6o3HaaHM QV. 
CymecTByiOT nocjie^OBaTejibHOCTH c SecKOHeaHbiM KOJinaecTBOM MHHHMajibHbix KBa3Hnepn- 
o^ob (HanpHMep, nocjieflOBaTejibHOCTb <DH6oHaaHH, cm. [92]). IlocjieflOBaTejibHOCTH c SecKO- 
He^HbiM KOJiHaecTBOM pa3JinaHbix KBa3HnepHOJj;oB Ha30BeM MyAbmu-Kea3unepuoduHecKUMU 
(multi-scale quasiperiodic, cm. [93]). Kjiacc MyjibTH-KBa3HnepHOjjiiaecKHx nocjiejj;oBaTejibHO- 
CTeii o6o3HanHM M.QV. 51cho TaKace, hto cymecTByioT nocjie^OBaTejiBHOCTH Boo6me 6e3 
KBa3HnepHO^OB. KaK noKa3aHO b [92], jnoSaa npoMeacyTOHHaa CHTyainia peajiH3yeTca: jj,jia 
Ka>K^oro n mojkho nocTpoHTb nocjie^OBaTejibHOCTb, y KOTopoii pobho n MHHHMajibHbix KBa- 
3Hnepnojj;oB. 

Onpejj;ejieHHe KBa3HnepHOjjiiHHOCTH, HecMOTpa Ha cboio ecTecTBeHHOCTb, Smjio BnepBbie 
paccMOTpeHO OTHOCHTejibHO Hejj;aBHO. B [90] noaBHJiocb onpejj;ejieHHe fljia KOHeaHbix cjiob, 
KOTopoe 3aTeM Sbijio pacnrapeHO Ha nocjiejj,OBaTejibHOCTH b [91] . TaM ace nocTaBjieHbi pa3- 
jiHHHbie OTKpbiTbie Bonpocbi. B [92] aBTopbi nojiyaaiOT OTBeTbi Ha HeKOTopbie H3 hhx. B [94] 
ohh nojiyaaiOT nojmoe onncaHHe KBa3HnepHOjjHaecKHx nocjie^OBaTejibHOCTeH IIlTypMa. B 
pa6oTe |93| paccMOTpeHO noHaTne MyjibTH-KBa3HnepHOflHHHOCTH. Bot, noacajiyft, npaKraae- 
ckh nojiHbifi cnncoK pa6oT o KBa3Hnepnojj;HaecKHx nocjiejj;oBaTejibHOCTax. 

0Ka3biBaeTca, Kjiacc QV Haxo^HTca b o6meM nojioaceHHH c KjiaccoM AV. HepaBeHCTBO 
QV \ AV 7^ oaeBH^HO. ^eiicTBHTejibHO, HanpHMep, b QV JieacHT npoH3BOJibHaa nocjie- 
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^OBaTejibHOCTb H3 h 1, HaaHHaKanaaca c 1 h He coaepacanjaa 00 h 111 (c KBa3Hnepno- 
/i,om 101), h, oaeBHaHO, cpean TaKiix nocaeapBaTeabHOCTeii ecTb He noaTH nepHoanaecKHe. 
HepaBeHCTBO AV \ QV ^ caeayeT H3 pe3yjibTaTOB [92], rae aBTopbi npnBoaaT npHMepbi 
nocjieflOBaTejibHOCTefi IIlTypivia, He aBaaKannxca KBa3HnepHoaHaecKHMH (b otbct Ha Bonpoc 
H3 [23]). 

TaKHM o6pa30M, KBa3HnepHoaHHHOCTb h noHTH nepHO^HHHOCTb — npHHn,HnHajibHO pa3- 
Hbie noaxoabi k o6o6iu,eHHio nepnoaHHHOCTH, hto aBjiaeTca apnoaHHTeabHbiM CTHMyaoM k 
H3yaeHHio HOBoro Kjiacca KBa3HnepHoaHaecKHx nocaeapBaTeabHOCTen. 5Icho oaHaKO, hto 
HMeeT MecTO BKjnoaeHiie A4QV C AV, a TaioKe HeBbipoacaeHHOCTb V C M.QV (cm. |93j; 
H3 pe3yjibTaTOB OTTyaa caeayeT TaKace, aTO KJiacc M.QV KOHTimyajieH). TaKHM o6pa30M, 
HeKOTopaa cbh3b Meacay noaTH nepHoanaHOCTbio h KBa3HnepHoaHHHOCTbio (npaBaa, yace 
yToaHeHHon) Bee ace ecTb. HepaBeHCTBO A4QV C AV cpa3y caeayeT H3 xapaKTepH3an,HH 
no^cjiOBHOH cjicokhocth npoH3BOJibHoro cjiOBa x G M.QV: liminfn^oo ^ 1 (cm. |93j). 

KaK noKa3aHO b [93], noacaoBHaa cjiojkhoctb KBa3HnepHoaHaecKHx nOCaeaOBaTeabHO- 
CTeH aCHMIITOTHaeCKH MOaffiT 6bITb nOHTH npOH3BOabHOH, C TOaHOCTbK) aO 3KBHBajieHTHOCTH 

cneipiajibHoro Bnaa. B [92j npHBeaeH HecaoacHbiii npaMep nocaeapBaTeabHOCTH, y KOTopoii 
no^cjiOBHaa cjiokhoctb SKcnoHeHnnaabHa, c ocHOBaHneM BKcnoHeHTbi npnMepHO 1,32. OcTa- 
eTca OTKpbiTbiM caeayKannn Bonpoc. 

IIpo6jieMa 26. Kaxaa MaKCHMajibHaa B03MoacHaa noacaoBHaa cjiokhoctb mojkct 6bitb y 
KBa3HnepHO^,aaecKOH nocaeapBaTeabHOCTH? 

Ilpo aBa Bonpoca H3 |91] aBTopbi [92] nnnryT, hto ohh HyacaaiOTca b Soaee ToaHofi cpop- 
MyjiiipoBKe, nocKOJibKy b hhx naeT peab o nocaeapBaTeabHOCTax, b kotopbix Bee (paKTopbi 
KBa3HnepHO^,aaHbi, ho acHO, aTO caoBO aaHHbi 1 HHKoraa He KBa3HnepHoaHHHO. Bonpoc 6 
(Cyni;ecTByeT an HeKBa3HnepHoaaaecKaa nocaeapBaTeabHOCTb, y KOTopofi Bee cpaKropbi KBa- 
3HnepHoaiiHHbi?) nepecpopMyanpyeTca TaK: MoacHO an Haft™ He KBa3HnepHoaHaecKyio no- 
cae^OBaTeabHOCTb, y KOTopoft HaftaeTca 6ecKOHeaHoe KoanaecTBO KBasnnepHoaiiaecKHx npe- 
cpHKCOB? B |92] Ha Hero aaeaca noaoatHTeabHbift OTBeT. 

B KOHTeKCTe HacToanjeft CTaTbH ecTecTBeHHO 3aaaTb caeayKannft Bonpoc. 

Ilpo6jieMa 27. 1) BepHO an, hto Kaacc KBa3HnepnoaHaecKHx nocaeapBaTeabHOCTeii 3a- 
MKHyT OTHOCHTeabHO KOHeaHO-aBTOMaTHbix npeo6pa30BaHHH? 

2) Ecan otbct Ha npeabiayranft Bonpoc noaoatHTeabHbift, to Moa<HO an sto apKa3aTb b 
KaKOM-Hn6yflb CMbicae scpcpeKTHBHO h noayaHTb KpnTepnft pa3peniHMOCTH MOHaanaecKoft 
TeopHH KBa3Hnepno^;HaecKOH nocaeapBaTeabHOCTH (cm. pa3aea[3])? 

7.2. Pa3pe»ceHHbie nepaoflnHHOCTH 

B [95] npeaaoa<eH aioSonbiTHbift noaxoa, k o6o6meHHio noHaTHa nepnoaHHHOCTH, cxoaHbift 
c TeM, KOTopbifl H3aoa<eH b pa3aeae 17.11 Boaee o6hk), Bonpocbi 3aM0ineHHa SecKOHeaHoft 
KaeTaaTofi noaocKH hjih MHoroMepHbix KaeTaaTbix npocTpaHCTB KaeTaaTbiMH (pnrypKaMH 
MHoro h aKTHBHO H3yaaaHCB, ho b TaKOM KOHTeKCTe, BHflHMO, He paccMaTpHBaancb. 
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Ha30BeM ina6jiOHOM cjiobo b ajicpaBHTe A U {□}, r^e □ ^ A 03HaaaeT ,a,jia Hac npo6eji, 
nponycK. KoHeaHoe cjiobo u G A* Ha30BeM pa3peatceHH0 nepuodunecKUM , ecjiH Han^eTca 
TaKOH inaSjiOH v, uto ero KonnaMn mo>kho noKpbiTb Bee cjiobo u, npnaeM KajK,a,biH chmboji 
noKpbiT pobho ojj;hh pa3; npn 3tom mm CHHTaeM, hto npn Hajio>KeHHH niaSjiOHa Ha cjiobo 
chmboji □ He noKpbiBaeT Haxo/jainHHca no fl HHM chmboji. HanpHMep, cjiobo 0011 mojkho 
noKpbiTb nia6jiOHOM 0D1. 

B OTJIHHHe OT oSblUHOH nepHOJJHUHOCTH, 6bIBaiOT CJIOBa C HeCKOJIbKHMH HeCpaBHHMblMH 

pa3pe>KeHHbiMH nepnoflaMH (ecjiH cpaBHHBaTb no bjiokchhocth) — b [95] npnBO,a,HTca KpaT- 
naHHiHH H3BecTHbiH npHMep TaKoro cjiOBa H3 24 chmbojiob. TeM He MeHee, MOJKHO HaHTH 
CBH3b MOK/xy oSbiHHbiM nepHOflOM h pa3pe>KeHHbiM: MHHHMajibHbin pa3pe>KeHHbiH nepnojj; 
cjiOBa HBJiaeTCH TaK>Ke MHHHMajibHbiM pa3pejKeHHbiM nepHOjj;oM ero MiiHiiMajibHoro HacTO- 
amero nepnojja. KpoMe Toro, npejj,CTaBjieHa KjiaccncpHKaiina Bcex pa3pea<eHHbix nepnojj,OB 
cjiOBa h nojiyaeHa peKypcnBHaa (popMyjia jj,Jia MaKCHMajibHoro KOJinaecTBa pa3pea<:eHHbix 
nepnoflOB jijih cjiob jj;jiiiHbi n. HaKOHeii, nojiyaeH ajiropiiTM Haxo)Kjj;eHHH Bcex MHHHMajibHbix 
nepnojj;oB cjiOBa fljiiiHbi n, BpeMa paSoTbi 0(n log(n) loglog(n)). 

B KOHHe pa6oTbi [95] npnBejj;eHO HecKOJibKO OTKpbiTbix BonpocoB. II o MHeHHio aBTopoB, 
HanSojiee Ba>KHbiM aBjiaeTca cjie^yioni,HH. 

IIpo6jieMa 28 ([95]). UpefljiojKHTb ecTecTBeHHbiii cnoco6 o6o6meHna noHaTna "hhctoh" 
(pure) pa3pe>KeHHoli nepnojjHUHOCTH (no aHajiornn c pure n ultimate (3aKjnonHTejibHon) 
nepnoflHHHOCTbio) . 3to MO»ceT noMoab onucaTb peryjiapHOCTH b 6ojibnieM KOJinaecTBO cjiob 
h nojiy^HTb HOBbie ajiropnTMbi KOMnpeccnn. 

,Hjia Hac HanSojiee cymecTBeHHbiM aBjiaeTca cjiejjyiomee 3aMeaaHne HeraTHBHoro xapaK- 
Tepa: npn npaMOM o6o6meHHH noHaTna pa3pe>KeHHon nepno^nnHOCTn Ha 6ecKOHeaHbie no- 
cjie^OBaTejibHOCTH nojiyaaiOTca TOJibKO nepnojxHuecKne nocjie^OBaTejibHOCTn, KaK cjiejjyeT, 
HanpHMep, H3 TeopeMbi 2 pa6oTbi [96j. 

TaKHM o6pa30M, ocTaeTca cjiejjyioinaa 

IIpo6jieMa 29. IIpejjjioacHTb HeTpHBHajibHbifi cnoco6 o6o6meHHa hohhthh pa3pe>KeHHOH 
nepnoflHUHOCTH Ha 6ecKOHeuHbie nocjie^OBaTejibHOCTn, KOTopbiii no3BOJinT nojiyanTb fljia 
hhx KpnTepnn pa3peninMOCTH MOHaflnaecKon Teopnn hjih Teopnn nepBoro nopa^Ka. 

7.3. IIocjie/i,OBaTejibHOCTb KojiaKOCKH h nepnoflHMecKH ajibrepHHpy- 

eMbie MOpCpH3MbI 

IlocjieflOBaTejibHOCTb KojiaKOCKH — oflHa H3 caMbix 3arajj;oaHbix nocjieflOBaTejibHOCTen b 
KOM6nHaTopHKe cjiob, npo Hee ecTb orpoMHoe kojihhcctbo OTKpbiTbix BonpocoB. 

OnpeflejiaeTca nocjiejj;oBaTejibHOCTb KojiaKOCKH TaK. 3to 6ecKOHeaHaa BnpaBO nocjiejj;o- 
BaTejibHOCTb, cocToaniaa H3 1 n 2, npnaeM ecjin 3anncaTb ^jinHbi Sjiokob H3 nojjpnjj, n,zryinHx 
o^HHaKOBbix chmbojiob, to nojiyHHTca caMa 3Ta nocjiejj,OBaTejibHOCTb. IlocjieflOBaTejibHOCTb 
KojiaKOCKH HaaHHaeTca KaK 

k = 2,2, 1,1,2, 1,2,2, 1,2,2, 1,1,2, 1,1,2, 2, 1,2, 1,1, 2,... 
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CHaaaaa naeT Sjiok h3 2 aBoeK, noTOM 2 eaimHina, 1 aBOHKa, 1 eaiiHHHa, 2 abohkh, h t. fl. 
Mojkho HanaTb 3anHCMBaTb nocaeapBaTeabHOCTb KoaaKOCKH h c 1, pyKOBoacTByacb TeM ace 
caMbiM onpeaeaemieM, ho Toraa noayaHTca b tohhocth nocaeapBaTeabHOCTb lk. 

riocjie^OBaTejibHOCTb k BnepBbie noaBHaacb b 3aivieTKe KoaaKOCKH |97| . B |98| oh apKa- 
3biBaeT, hto 3Ta nocjie^OBaTejibHOCTb He nepHoanaecKaa. Cm. TaioKe |99| . 

TjiaBHaa rnnoTe3a npo nocaeapBaTeabHOCTb k 3aKaioaaeTca b caeayionjeM. 

THnoTe3a 30. Hacmoma cumgojul 1 (a 3HaHum, u cuMeoAa 2) e nocjiedoeamejitHocmu k 
paena 1/2. 

J\o chx nop Hen3BecTHO, BepHO jih 3to. Bojiee Toro, Hen3BecTHO, cynjecTByeT jih BOo6ni;e 
aacTOTa 1, npnaeM H3BecTHO, hto ecjin OHa cymecTByeT, to o6a3aTeabHO paBHa 1/2. Kom- 
nbiOTepHbie SKcnepnMeHTM noaTnepacaaiOT rnnoTe3y o aacTOTe 1/2. Bojiee Toro, ecjin o n - 
KOJinaecTBO eaiiHHii, b HaaajiBHOM OTpe3Ke k jjjihhm n, to KOMnbiOTepHbie 3KcnepnMeHTM 
noKa3biBaiOT, aTO, CKopee Bcero, o n = 0,5n + O(logn) (cm. [100]), b to BpeMa KaK aaa 
cjiyaaHHOii nocaeapBaTeabHOCTH mojkho Sbijio 6m yTBepacaaTb jihhib o n = 0,5n + 0(^/n). 

Ilpo6jieMa 31. 1) BepHO jih, hto earn KaKoe-TO cjiobo bxojjht b k (HanpnMep, 22112), to 
oho bxojj,ht eme xoTa 6bi pa3? 

2) BepHO an, hto ecjin KaKoe-TO cjiobo BxoanT b k, to BxoanT h cjiobo, noayaeHHoe H3 SToro 
3aMeHoli 1 Ha 2 h 2 Ha 1? 

3) BepHO jih, aTO ecjin KaKoe-TO cjiobo bxojj,ht b k, to BxoanT h cjiobo, noayaeHHoe H3 SToro, 
ecan ero 3anncaTb 3aapM Hanepea? 

Otbctbi Ha Bee sth Bonpocbi HeH3BecTHbi (cm. |101l I102| ). B aacTHOCTH, Hen3BecTHO, 
aBaaeTca an k peKyppeHTHoii hjih noaTH nepnoanaecKon. OaHaKO H3BecTHO, hto h3 pexyp- 
peHTHOCTH k caeapBaao 6bi cymecTBOBaHne aacTOTbi 1 b Hen. Hen3BecTHa h noacaoBHaa 
caoa<;HOCTb nocaeapBaTeabHOCTH KoaaKOCKH. 

K 3toh cepHH OTKpbiTbix h, no Been bhjj;hmocth, apBoabHO caoacHbix npoSaeM mm ap6a- 
bhm TaKyio. 

IIpo6jieMa 32. Pa3peniHMa an (MOHaanaecKaa hjih nepBoro nopaaKa) Teopna nocaeapBa- 
TeabHOCTH k? 

OopMaabHO H3 pa3peniHMOCTH MOHaaiiaecKon TeopnH nocaeapBaTeabHOCTH KoaaKOCKH 
He caeayeT otbct Ha caoacHbie OTKpbiTbie Bonpocbi, npHBeaeHHbie Bbinie. 3to MoaceT aBaaTb- 
ca apryMeHTOM 3a to, hto npo6aeMa[32]npoiii;e. O/iHaKO ecan ap KaaaTb, aTO MOHaanaecKaa 
Teopna nocaeapBaTeabHOCTH k pa3peniHMa, sto aaao 6m B03MoatHOCTb jj,jia apnoaHHTeab- 
hmx SKcnepHMeHTOB. B aacTHOCTH, H3 SToro caeapBaao 6m cymecTBOBaHne aaropHTMa, ko- 
TopMH no KaacapMy caoBy npoBepneT, BxoaiiT an oho b k, BxoanT an oho b k 6ecKOHeaHO 
MHoro pa3, n t. n. 

TeM He MeHee Koe-aTO npo nocaeapBaTeabHOCTb KoaaKOCKH H3BecTHO. KaK yace 6biao 
OTMeaeHO Bbinie, OHa He nepnoanaecKaa. KpoMe Toro, OHa He coaepatnT Ky6oB, a KBaa,- 
paTM, KOTopbie b Hee BxoanT, HMeiOT aanHy 2, 4, 6, 18 hjih 54 (cm. [103J). KpoMe Toro, 
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nocjie^OBaTejibHOCTb KojiaKOCKH He aBjiaeTca hhcto MopcpHHecKoii |104| . 5lBjiaeTca jih OHa 
Mop(J)HHecKOH, Hen3BecTHO (npo MopdpnaecKHe nocjie^OBaTejibHOCTH cm. pa3iiejibi 16.11 16.31) . 

O^HHM H3 B03MOJKHBIX nOJJXO,I],OB K H3yaeHHIO nOCJie^OBaTejIBHOCTH KojiaKOCKH MOJKeT 

CTaTb fleTajibHoe H3yaeHHe ojjHoro H3 MeTOflOB, kotopmm mojkho nocTpoHTb 3Ty nocjie/xoBa- 
TejibHOCTb, aBJiaioineroca o6o6meHHeM MopdpHaecKHx nocjie/TpBaTejibHOCTeft — nepHOjjHae- 
ckh ajibTepHHpyeMbie HTepapyeMbie MopcpH3Mbi (BBe^eHO b pa6oTe [105J ) . 

IlycTb H = {ho, hi, . . . , hp-i} — npoH3BOJibHoe mhokcctbo HecTHpaioiinix Mopdpii3MOB 
A* — > A* . OnpeflejiHM OToSpaaceHne # Ha cjiOBe aoa± . . .a n G A* KaK 

H(a ai . . . a n ) = «o«i • • • ct n , r^e ctj = /^(a,), k = i (mod p). 

Ecjih jijih KaKofl-TO SyKBbi s cjiobo H (s) HaaHHaeTca c s, to mojkho KoppeKTHO onpe/xejiHTb 
nocjieflOBaTejibHOCTb H°°(s) = Hindoo H n (s). By/xeM roBopiiTb, hto 3Ta nocjieflOBaTejib- 
HOCTb nopoMcdaemcn nepuodunecKU ajihrnepnupyeMUMU Mop$u3Ma,MU ho, hi, ... , 7i p _i. 

5Icho, hto Bee hhcto MopcpnaecKHe nocjieflOBaTejibHOCTH nopo>K^,aiOTCH nepHOjjHaecKH 
ajibTepHnpyeMbiMH Mop(pii3MaMii, TOHHee, ojihhm MopcpH3MOM. PaccMOTpHM MeHee TpilBH- 
ajibHbiii npHMep — nocjieflOBaTejibHOCTb KojiaKOCKH. IlycTb ho(l) = 2, h (2) = 22, hi(l) = 1, 
hi(2) = 11. By/xeM HTepnpoBaTb cooTBeTCTByiomee OToSpaaceHne # Ha CHMBOJie 2: 

#(2) = h (2) = 22 

#(22) = fco(2)/i!(2) = 2211 

#(2211) = /i (2)/ii(2)/i (l)/ii(l) = 221121 

#(221121) = /i (2)/ii(2)/i (l)/ii(l)/io(2)/ii(l) = 221121221 

#(221121221) = /i (2)/ii(2)/io(l)/ii(l)/io(2)/ii(l)/io(2)/ii(2)/i (l) = 22112122122112 

Mojkho ^OKa3aTb, hto #°°(2) = k |104j . H 3HaaHT, jjjia noHHMaHna ycTponcTBa nocjie^o- 
BaTejibHOCTH KojiaKOCKH oaeHb Ba>KHO nojiyanie noHaTb ycTpoacTBO nocjie^OBaTejibHOCTea, 
nopo>Kjj;aeMbix nepHO/rnaecKH ajibTepHnpyeMbiMH MopcpH3MaMH. 

B |106| jj;oKa3aHO, hto /jjia jiioSoro nojiHHOMa cymecTByiOT nocjie/xoBaTejibHOCTH, no- 
poacaaeMbie nepHO/rnaecKH ajibTepHnpyeMbiMH MopcpH3MaMH, c noacjiOBHOH cjio>KHOCTbio He 
MeHee SToro nojiHHOMa. B aacTHOCTH, TaKHe nocjie^OBaTejibHOCTH He Bee MopdpnaecKHe, no- 
CKOJibKy, KaK mm iiomhhm H3 pa3iiejia l6.3l noflCJiOBHaa cjiojkhoctb MopdpaaecKOH nocjie^OBa- 
TejibHOCTH He Sojiee aeM KBaapaTHHHaa. Hen3BecTHO, MoaceT jih noacjiOBHaa cjiojkhoctb no- 
cjie^OBaTejibHOCTeii, nopoacaeHHbix nepHO/rnaecKH ajibTepHnpyeMbiMH MopcpH3MaMH, 6biTb 
3KcnoHeHii;HajibHOH. 

CdpopMyjinpyeM o6o6meHHe npo6jieMbi [321 

IIpo6jieMa 33. Pa3peniHMa jih (MOHaaiiaecKaa hjih nepBoro nopa/iKa) Teopna nocjieapBa- 
TejibHOCTen, nopoacaaeMbix nepHoaiiaecKH ajibTepHnpyeMbiMH MopdpH3MaMH? 

HanoMHHM, hto MOHajjHHecKaa Teopna MopcpnaecKon nocjie^OBaTejibHOCTH Bcer^a pa3- 
peniHMa (TeopeMa 16.3.21) . Mojkho Hajj,eaTbca, hto h b cjiyaae nepHO^naecKn ajibTepHnpye- 
mmx Mop(pH3MOB 3to TaK. Ylo aHajiorHH c njiaHOM JxpKa3aTejibCTBa pa3peniHMOCTH MOHa^H- 
aecKHx TeopHH, onncaHHbiM b pa3jj;ejie [3l mojkho jj;eTajiH3HpoBaTb npo6jieMy [33l 
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IIpo6jieMa 34. 1) BepHO jih, hto Kjiacc nocjiejjpBaTejibHOCTen, nopo>K^,eHHbix nepnojxnne- 
ckh ajibTepHHpyeMbiMH MopcpH3MaMH, coxpaHaeTca npn KOHenHO-aBTOMaTHbix npeo6pa30- 

BaHHHX? 

2) Ecjih OTBeT Ha npejjbijjyiiniH Bonpoc nojiojKHTejibHbiii, mojkho jih JTpKa3aTb acpcpeKTHB- 
Hbiii BapnaHT SToro yTBepxc^eHHa? 

3) CymecTByeT jih ajiropnTM npoBepKH no onncaHHio nocjie^OBaTejibHOCTH, nopo>KfleHHOH 
nepHOflHHecKH ajibTepHHpyeMbiMH Mop(pH3MaMH, Toro, bxojj,ht jih b Hee jj,aHHbin chmboji 
SecKOHenHoe KOJinnecTBO pa3? 

7.4. IIocjie,zi,OBaTejii>HOCTH Tenjiima 

B pa6oTe |107| Tenjinn, bbgji KOHCTpyKnnio jj,jih onpe^ejieHHH nonTH nepHOJxnnecKHx (pyHK- 

I1,HH Ha ^GHCTBHTejIbHOH npHMOH. B paSOTe [ 1 08 j aBTOpbl MO^,H(pHIl,HpOBajIH 3Ty KOHCTpyK- 

nnio jjjis onpe/xejieHna SecKOHeaHbix cjiob h Ha3Bajin bth cjiOBa cjiOBaMH Tenjinna (mm jjjia 
ejj;HHOo6pa3HH 6yn;eM tobophtb o nocjie/xpBaTejibHOCTax) . KpaTKnn HHJKecjie/jyioiHHH o63op 
o nocjiejj;oBaTejibHOCTHx Tenjinna c;j;ejiaH b ochobhom no pa6oTe [109J. 

IlycTb niaSjiOH (xaK n b pa3^ejie IT.2H — cjiobo b ajicpaBHTe A U {□}, riie □ ^ A 03Ha- 
naeT ,h,jih Hac npo6eji hjih nponycK. H3 niaSjiOHa w mojkho nojiynnTb nocjie^OBaTejiBHOCTb 
cjie^yioni,HM o6pa30M. IlycTb T® = w°° — nepno/JTmecKaa nocjiejjpBaTejibHOCTb b ajicpaBHTe 
A U {□} c nepnoflOM w. J\jisi KajKjjpro i nocjieflOBaTejibHOCTb T^ +1 nojiyaaeTca H3 T^, ecjin 
Bee npo6ejibi □ nocjie/xpBaTejibHO 3anojmaTb CHMBOJiaMH nocjieflOBaTejibHOCTH = w°°. 
riocjiejj,OBaTejibHOCTb T w = Hindoo b ajicpaBHTe A Ha3biBaeTca nocAedoeameAbHocmbto 
TenAUi^a, nojiyneHHon H3 maSjiOHa w. Ecjih \w\ = p n \w\n = q, to nocjie^OBaTejibHOCTb T w 
Ha3biBaeTCH nocjiejjpBaTejibHOCTbio Tenjinna Tnna (p, q) . 

Hanpniviep, nycTb w = 1DCO. Tor/ia 

t° = lDODinoninoninoninoninoninoninon . . . , 
Tl = noniooni loniooni loniooni lonioon . . . , 
Tl = lioiioomiooiooniioiioomiooioon . . . , 
= lioiiooiiiooiooniioiiooonooioon . . . , 

= 1101100111001001110110001100100D . . . , 
= 11011001110010011101100011001001 

to ecTb T w = 11011001110010011101100011001001 . . . 3to HSBecraaa "nocAedoeameAbHocmb 
c2u6anuH 6yMazu" (paperfolding sequence), Hanpniviep, cm. [40]. (3t& nocjie^OBaTejibHOCTb 
nojiynaeTcn cjie,nyioiiniM o6pa30M: B03BMeM nojiocKy 6yMarn n coraeM ee nocepe^HHe; noTOM 
nojiyHHBineeca onaTb coraeM nocepejjiiHe, h t. /l KaacflbiH pa3 Heo6xojjHMO crn6aTb b oji- 
hom h tom jKe HanpaBJieHHH. Ilocjie crnSaHna HeKOTopoe KOJinnecTBO pa3, pa3orHyB nojiocKy, 
mm nojiynHM HanajibHbiH OTpe30K nocjieflOBaTejibHOCTH crn6aHna 6yMarn: 1 cooTBeTCTByeT 
"ropKe" Ha nojiocKe, a cooTBeTCTByeT "aMKe".) 

KaK Hecjio>KHO Bn^eTb, jno6aa nocjiejjpBaTejiBHOCTb Tenjinna nonTH nepno,a,HHHa. B [109J 
nojiyneH KpnTepnn nepnojxnaHOCTH jjjia nocjieflOBaTejibHOCTen Tenjinna. KpoMe Toro, TaM 
JiaHa cjie/jyiomaa KJiaccncpHKanna. 
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TeopeMa 7.4.1 ( |109j ). 1) IJocAedoeameAbHocmu TenAuufl muna (p, 1) hgahwitich uucmo 
MopcfmnecKUMU. 

2) IJocAedoeameAbHocmu TenAuu,a muna (tq, q) neAHtomcn MopdjunecKUMU. 

3) IIpou3eoAbHue nocAedoeameAbuocmu TenAuu,a nopocncdawmcji nepuoduuecKU aAbmepuu- 

pyeMUMU M0p$U3MaMU. 

IlosTOMy ecTecTBeHHbiM npe^CTaBJiaeTca, ocoSeHHO b Bii^y TeopeMbi 16.3.21 n npo6jie- 
mbi [331 ccpopMyjiiipoBaTb cjieflyiomyio rnnoTe3y. 

rnnoTe3a 35. MonadunecKaH meopun aw6ou nocAedoeameAbuocmu TenAuufl pa,3peuiUMa. 

CKopee Bcero, stj rnnoTe3y mojkho ^OKa3aTb, ^,OKa3aB, hto mhokcctbo no,a,cjiOB jiio- 
6oh nocjie^OBaTejibHOCTH Tenjinna pa3peniHMO (nocjie^OBaTejibHOCTb Tenjinna, ohgbh^ho, 
BbiMHCJiHMa, ii Tor^a mojkho BOcnojib30BaTbca cjieflCTBiieM 13.1.71) . Bojiee Toro, flocTaToa- 

HO flOKa3aTb, HTO (pyHKUIia nOflCJIOBHOH CJI05KHOCTH BblHHCJIHMa. Il0 BCefi BIIflllMOCTH, 3TO 

mojkho c^ejiaTb, npoaHajiii3iipoBaB flOKa3aTejibCTBO pe3yjibTaTa H3 |109| . b kotopom HaS^eiia 
acHMnTOTHKa no^cjiOBHOH cjio>khocth nocjie^OBaTejiBHOCTen Tenjinna. Ilpii stom otmcthm, 
hto ii3 onucaHiifl acHMnTOTHKH (pyHKnnn no^cjiOBHOH cjio>khocth He cjie,a,yeT aBTOMaTHHe- 

CKH BblHHCJIHMOCTb (pyHKUHH nOJJ,CJIOBHOH CJI03KHOCTH. 

YKa3aTejib TepMHHOB 

B 3tom pa3^ejie co6paHbi b Bnjj,e Ta6jinn,bi ccmjikh Ha ocHOBHbie Hcnojib3yeMbie b CTaTbe 
TepMHHbi h noHaTHfl. ,Hjia Ka>K,a,oro noHaTHa jj,aeTca cooTBeTCTByiomee o6o3HaaeHne (ecjin 
ecTb) h HOMep CTpaHnnbi, Ha KOTopofl noaBJiaeTca onpeflejieHne noHaTna. 

IloHaTHe 06o3HaHeHHe CTpaHnna 



TonojiornaecKaa flHHaMHaecKaa cncTeivia 






3 


onepanna JieBoro c^BHra 


L 




3 


noHTH nepnoj^nnecKaa OTHOCHTejiBHO Mepbi 6jih30Cth (pyHKnnn 






3 


noHTH nepnoj^nnecKaa no Bopy (pyHKnnn 






3 


noHTH nepnoj^nnecKaa no Be3HKOBnny cpyHKnna 






3 


OTHOCHTejiBHO nJIOTHOe MHOJKeCTBO 






3 


6jiH3Kaa k nepnoflnaecKon OTHOCHTejiBHO Mepbi 6jih30cth nocjie- 






a 


flOBaTejIbHOCTb 








KaHTopoBCKoe paccToaHne 


d c \ 


[z,y) 


4 


paccToaHne Be3HKOBnna 


d B \ 




El 


noaTH nepnoflnaecKaa no Be3HKOBnay nocjieflOBaTejibHOCTb 






El 


ajireSpanaecKoe mhojkgctbo 






4 


nojiyajire6panaecKoe mhojkcctbo 






El 


MHHHMajibHaa ^HHaMnaecKaa cncTeivia 






E 


aji(paBHT 






6 


6yKBa 






6 


CHMBOJI 






6 
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nocjie^OBaTejibHOCTb [6] 

cjiobo [6] 

6gckohghhog cjiobo [6] 

BxojKfleHne cjiOBa b nocjieflOBaTejibHOCTb [7] 

cpaKTop [7] 

no^cjiOBO [7] 

npecpHKC [7] 

cycpcpHKC [7] 

MOp(|)H3M [7] 

HeCTHpaiOIUHH MOp(|)H3M [7] 

fc-paBHOMepHbIH MOp(|)H3M [7] 

npHMHTHBHblH MOpCpH3M l56l 

B03pacTaioiu,ee othochtcjibho MopcpH3Ma cjiobo [56] 

orpaHH^eHHoe OTHOCHTejibHO Mop(pii3Ma cjiobo l56l 

B03paCTaiOIIi;HH MOp(pH3M [56l 

KOflnpoBaHiie [7] 

npoeKinia I3T1 

nepHOJXHnecKaa nocjie^OBaTejibHOCTb V [7] 

nepiiojj, [7] 

npejxnepHOjj; [7] 

saKJiiOHHTejibHO nepnojxHaecKaa nocjie/j;oBaTejibHOCTb [7] 

anepno^HHecKafl nocjie^OBaTejibHOCTb [7] 

noHTH nepHOJXHHecKaa nocjie^OBaTejibHOCTb AV [7] 

MiiHHMajiBHaa nocjiejj,OBaTejiBHOCTb [7] 

paBHOMepHO peKyppeHTHaa nocjiejj;oBaTejibHOCTb [7] 

3(p(peKTHBHO noHTH nepnojxHaecKaa nocjiejj;oBaTejibHOCTb [9] 

saKjiio^HTejibHO no^TH nepno^HHecKafl nocjiejj,OBaTejibHOCTb SAV [7] 

MHHHMajibHbiH npecpHKC pr(x) El 

o6o6meHHO noHTH nepHO,a,HHecKaa nocjieflOBaTejibHOCTb QAV M 

9(p(peKTiiBHO o6o6m;eHHO noaTH nepHO/xnaecKaa nocjieflOBaTejib- [8] 

HOCTb 

tohho noHTii nepnojxHaecKaa nocjiejj;oBaTejibHOCTb VAV [9] 

peKyppeHTHaa nocjiejj,OBaTejibHOCTb 1Z M 

saKjiio^HTejibHO peKyppeHTHaa nocjiejj,OBaTejibHOCTb S1Z M 

peryjiaTop noaTH nepHoanaHOCTH R x [8] 

jiiiHefiHO noHTii nepnojxHaecKaa nocjieapBaTejibHOCTb [26] 

saKJiiOHHTejibHO JiiiHefiHO noHTH nepaoflnaecKaa nocjieflOBaTejib- l26l 

HOCTb 

KoacpcpimaeHT noa™ nepHoanaHOCTH [46] 

aBTOMaTHaa nocjiejj;oBaTejibHOCTb l50l 

npoapjiacaeMbiH Ha 6yKBe MopcpH3M IBTI 

MopcpnaecKaa nocjieflOBaTejibHOCTb [51] 
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hhcto Mop(J)HHecKafl nocjie^OBaTejibHOCTb I5T1 

nepHO^H^ecKH ajii/repHHpyeMbie MopcpH3Mbi IBB1 

KBa3HnepHO^HHecKHe nocjie^OBaTejiBHOCTH QV 1591 

MyjibTH-KBa3HnepnoflHHecKHe nocjie^OBaTejibHOCTH A4QV [59] 

pa3pe>KeHHaa nepnoflHHHOCTb IBT1 

KBa^paT cjioBa [TT] 

Ky6 cjiOBa fTTI 

6ecKBa^paTHaa nocjie^OBaTejibHOCTb [TT] 

6ecKy6Haa nocjie^OBaTejibHOCTb [TT1 

nocjieflOBaTejibHOCTb Tya — Mopca t [TOl 

nocjieflOBaTejibHOCTb <Dn6oHaHHH f [T3l 

nocjie^OBaTejibHOCTH IIlTypMa [13] 

TepHapHaa nocne^OBaTejibHOCTb Khhh [TBI 

nocjieflOBaTejibHOCTH KaKyTaHH [TBI 

nocjieflOBaTejibHOCTb crn6aHHa Syiviarn [64] 

c6ajiaHCiipoBaHHoe MHOJKecTBO cjiob [14] 

cSajiaHCHpoBaHHoe cjiobo hjih nocjie^OBaTejibHOCTb [H] 

HHXHaa MexaHH^ecKaa nocjie^OBaTejibHOCTb s a:P UJ] 

BepxHfla MexaHH^ecKafl nocjie^OBaTejiBHOCTB s' a [T4l 

nocjie^OBaTejibHOCTH TenjiHua T w [641 

nocjieflOBaTejibHOCTb KojiaKOCKH k [61] 

SjiOHHoe npoH3BefleHne w ® t> [16] 

He3apoBCKHii Sjiok [16] 

paBHOMepHO He3apOBCKHH 6jiok [TBI 

ne3apoBCKafl nocjieflOBaTejibHOCTb [T6] 

paBHOMepHO He3apoBCKaa nocjie^OBaTejibHOCTb [TB] 

A-^^lP-cxeMa [lj 

^^.P-nopojKfleHHaa A-QAV-cxeMofi nocjie^OBaTejibHOCTb [18] 

npaBHjibHO ^^4P-nopo>K^,eHHafl nocjie^OBaTejibHOCTb [TBI 

^.P-nopojK^eHHaa A-^^tP-cxeMOH nocjie^OBaTejibHOCTb [18] 

A-^P-cxeMa UJ 

^.P-nopojKfleHHaa A-AP-cxeMoft nocjieflOBaTejibHOCTb [19] 

KOHeHHO-aBTOMaTHbiii npeo6pa30BaTejib l20l 

xofl npeo6pa30BaTejifl [20] 

o6pa3 nocjie^OBaTejibHOCTH no^, ^eiicTBHeM npeo6pa30BaTejia EDj 

npeo6pa30BaTejib no^xo^HT ko Bxo>K^,eHHio cjiOBa b coctohhhh q [20] 

paBHOMepHbili KOHenHO-aBTOMaTHbiH npeo6pa30BaTejib [20] 

o6paTHMbiii KOHeHHO-aBTOMaTHbili npeo6pa30BaTejib [23] 

n,HKjiHHecKHH KOHeHHO-aBTOMaTHbiH npeo6pa30BaTejib l29l 

pa36neHHe s a (x) [24] 

no^TH oSpaTHMbiH KOHe^HO-aBTOMaTHbiH npeo6pa30BaTejib [26] 

CTeKOBbifi (iviara3HHHbiH) KOHeHHO-aBTOMaTHbift npeo6pa30Ba- l28l 
Tejib 
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npoH3Be^eHHe nocjieapBaTejibHOCTeii 


x x y 


|29] 


Teopna nepBoro nopaaxa nocjieapBaTejibHOCTH 


T{N,<,x) 


E2 


MOHaanaecKaa Teopna nocjieapBaTejibHOCTH 


MT(N,<,x) 


[32] 


pa3peniHMaa Teopna 




[33 


6ecKBaHTopHaa Teopna 




[33 


aBTOMaT BlOXH 




[33 


aBTOMaT Bioxh npHHHMaGT nocjie^OBaTejiBHOCTb 




El 


^GTepMHHIipOBaHHblH aBTOMaT BlOXH 




El 


aBTOMaT Miojuiepa 




El 


MaKpococToaHae 




El 


npeaejibHoe MaKpococToaHne 




El 


aBTOMaT Miojuiepa npnHHMaeT nocjieapBaTejiBHOCTb 




El 


^eTepMHHHpoBaHHbia aBTOMaT Miojuiepa 




El 


peryjiapHoe MHoacecTBO nocjieapBaTejibHOCTen 




El 


BbiaacjiHMoe aeftcTBHTejibHoe hhcjio 




E3 


BbiaacjiHMbiH onepaTop Ha nocjieapBaTejibHOCTax 




El 


Bbipa3HMOe CBOHCTBO 




m 


Mepa anepnoaHHHOCTH 


AM(x) 


E2] 


HopMajibHoe hhcjio 




m 


ajire6panaecKoe hhcjio 






noacjiOBHaa cjioacHOCTb 


Px(n) 


m 


KOJiMoropoBCKaa cjiokhoctb 


K{u) 


[46] 


TonojioraaecKaa SHTponaa 


E t (x) 
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Abtopm 6jiaroaapHbi C. ABrycTHHOBHay, H. BoraaHOBy, H. BepemarHHy, P- ,ZIeBHTOBy, 
M. PacKHHy, A. PyMaHHeBy, K). yjianiKHHofi, A. Qpna,, A. LQeHio, a TaiQKe B. Adamczewski, 
J. Cassaigne, V. Diekert, B. Durand, J. Karhumaki, O. Kupferman, F. Nicolas, N. Rampersad, 
K. Saari 3a MHoroaHCJieHHbie nojie3Hbie o6cya<fleHHa Ha TeMbi, 3aTpoHyTbie b HacToamen 06- 
3opHOH CTaTbe. TeMbi h pe3yjibTaTbi stoh CTaTbH HeoaHOKpaTHO o6cy>K^i,ajiHCb Ha KojiMoro- 
PObckom ceMHHape Mry |110j . a TaKace Ha ceMHHape "AjiropHTMHaecKne Bonpocbi ajire6pbi 
h jiorHKn" noa, pyKOBO^CTBOM aKa^eMHKa C. H. AaaHa, aBTopbi 6jiaroaapHbi BceM yaacTHH- 

KaM 3a BHHMaHHe. 

Pa6oTa Haa, tckctom npoapjiacaaacb h Koraa oanH h3 ero aBTopoB — AHapeft AjibSep- 
tobhh MyaHHK — CKOHHaaca. Ero BKjia^, b ^eaTejibHOCTb aByx apyrnx coaBTopoB aaaeKO 
He orpaHHHHBaeTca (popMajibHbiMH ny6jiHKan,HHMH, nepeaHCJieHHbiMH b HacToameM 0630- 
pe h HeKpojiore p]. 3aBepnieHHe Hanien pa6oTbi Haa, tckctom o63opa aBJiaeTca aaa Hac 
nocHJibHbiM BKJiaflOM b naMHTb 06 AHapee h npoapjiaceHne ero pa6oT h naen b mhpoboh 
MaTeMaTHKe. — A. JT. CeMeHOB, K). JI. LipHTbiKHH. 
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